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SUMMARY
This thesis contains an experimental investigation of the yielding 
behaviour of sand loaded in triaxial compression, extension and a 
combination of both (stress reversal).
The testing programme was conducted on 102 x 205 mm medium dense 
samples of fine Leighton Buzzard sand.
A considerable part of the work was directed towards improving the 
testing technique in order to obtain good quality data. For 
this purpose, an automated stress path system was constructed and 
programmed utilizing a microcomputer to take full control of the 
applied stresses so that any desired stress path could be closely 
followed in the conventional triaxial cell. Furthermore, new 
displacement measuring devices were developed and used throughout 
the testing programme for monitoring both axial and radial 
deformation locally on the middle third of the triaxial specimen.
The results indicate that generally the behaviour of sand is highly 
anisotropic and that during non-reversal stress paths, the yield 
condition can be described by a set of curved yield loci in the 
p' - q stress space. Such yield loci have more curvature in 
extension than in compression.
Stress reversal is found to cause a significant softening of the 
stress-strain behaviour. However, depending on the level of 
deviatoric prestress on the opposite side, the sand may become even 
softer than in the virgin stress-strain condition.
The typical errors likely to occur during conventional deformation 
measurement are discussed, and it is concluded that the use of 
local measurement should replace both external axial and volumetric 
monitoring techniques.
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1.0 INTRODUCTION
1.1 GENERAL
The prediction of soil deformations under working load conditions 
has traditionally been carried out using simple calculations, 
mainly based on elastic analyses. The parameters required in such 
analyses are usually obtained from conventional compression or 
extension triaxial testing without much consideration of the fact 
that real field problems so often involve a much more complex type 
of loading which is different from that normally applied in routine 
testing, and that the stress-strain behaviour of soils is far too 
complex to be predicted by simple elastic calculations. This is 
because soils tend to exhibit both elastic and plastic strains from 
the very beginning of loading. However, predicting the correct 
deformation requires a better understanding of all the soil 
complexities. This can only be achieved by conducting laboratory 
investigations to observe the soil stress-strain response under a 
wide range of loading conditions.
During the past twenty five years, a considerable amount of 
research into the stress-strain and yielding behaviour of soils has 
taken place. Despite the great contribution of such investigations 
to improving our understanding of many important characteristics of 
soil behaviour, still many loading situations have not yet been 
completely covered and the resulting stress-strain response has not 
been fully understood. As an example, only very limited testing 
has been carried out to observe the behaviour of soil during stress 
reversal loading (i.e. stress paths involving reversal of stress 
from compression to extension and vice versa). What has been done 
shows that stress reversal causes a dramatic change in the resulting 
deformation.
Although the advance of numerical techniques (such as the Finite 
Element Method) and improved computer facilities make it possible to 
solve large complicated boundary value problems, the degree of
accuracy of such techniques to correctly predict*the actual soil 
behaviour depends mainly on the capability of the incorporated soil 
model.
By treating soils as a work-hardening material, a large number of 
models have been developed and put into use. Due to the limited 
available qualitative and quantitative experimental data, these 
models have mainly derived their constitutive relations from 
theoretical concepts which are based on the mathematical theory of 
plasticity, considering soils as a continuum material. Soil in 
general, and cohesionless soil in particular, is a particulate 
material and its behaviour differs from that of metals in many 
respects. As a result most of the available models can predict 
some basic aspects of soil stress-strain behaviour but they suffer 
from many limitations and they cannot account for all soil
complexities,
J
It is, therefore, essential to base numerical modelling on a 
better knowledge and understanding obtained from experimental 
observations in the laboratory. Furthermore, testing procedures 
need to be improved in order to acquire good quality test data.
1.2 AIMS AND OBJECTIVES OF THE PRESENT WORK
The present investigation is a contribution towards a better 
understanding of the yielding behaviour of cohesionless soils. The 
stress-strain response of Leighton Buzzard sand is investigated 
under a wide range of stress paths on both sides of triaxial stress 
space (compression and extension) with some degree of complexity. It 
emphasises the influence of stress reversal from compression to 
extension and vice versa on the resulting behaviour. Attention is 
focussed on the strains developed below failure which are of small 
to moderate magnitude. This, however, can only be achieved when 
providing good control of the applied stresses and accurate
measurement of stresses and strains. Therefore, much emphasis has 
been placed on producing good quality data. This has been
achieved by:
- firstly, the development of a fully automated controlled stress 
path system to apply any complex stress path theoretically possible 
in a conventional triaxial cell.
- secondly, incorporating a technique for measuring the deformation 
locally on the soil specimen in order to avoid boundary errors such 
as those occurring during conventional external measurement.
1.3 THESIS LAY-OUT
A brief review of the related subjects including the concepts of 
plasticity theory and the previous work on stress-strain and 
yielding behaviour of soils, is given in Chapter 2. The review is 
directed mainly towards previous work on cohesionless soils although 
some significant work concerning cohesive materials has been 
considered.
In Chapter 3, the work done towards the development, calibration 
and programming of the automated stress path system is described.
The design of the new local axial and lateral strain measurement 
devices based on the Hall Effect principle , and their development 
throughout the,present research, are described in Chapter 4.
Typical problems of conventional deformation measurement are 
reviewed. The capability of the new devices to monitor the soil 
deformations, avoiding possible uncertainties, is shown.
In Chapter 5, the procedure followed to conduct the testing 
programme is described. The steps for performing tests using the 
automated system are given and the composition of the testing 
programme is presented.
The results of the whole testing programme are presented and 
discussed in Chapter 6 . In the first part of the chapter the types 
of stress-strain behaviour observed in compression and extension and 
during stress reversal are discussed separately and a comparison 
between the resulting strain responses is made. In the second 
part, the concept of yield loci is discussed in the light of the 
results, together with a comparison with previous investigations. 
The influence of stress reversal on the yield loci and plastic 
potentials is also emphasised.
Chapter 7 presents the conclusions of the research and includes 
general recommendations for future work.
1.4 GLOSSARY
The following is an explanation of the more commonly used terms in 
this thesis;
1 - Virgin Loading
The first application of principal stress difference to a specimen 
either in compression or extension.
Comp
q
P'
P'
Ext
2 - Compressive Stress Path
Any stress path where the axial stress is greater than the radial 
stress.
q
3 - Extensional Stress Path
Any stress path where the radial stress is greater than the axial 
stress.
P'
4 - Stress Reversal
A specimen is subjected to a stress path which crosses the isotropic 
stress line.
Compq
Extq
5 “ Non-reversal Stress Path
Any stress path not involving stress reversal, as defined above
Comp
Ext
6  - Isotropic Prestress
Preloading of a specimen by the application of isotropic stresses.
/
-q \
7 - Constant Stress Ratio Prestress
Preloading and unloading at constant stress ratio in compression or 
extension.
q
8  - Anisotropic (Ko) Prestress
Preloading and unloading with zero lateral deformation.
q
9 - Deviatoric Prestress
Preloading of a specimen by the application of a principal stress 
difference.
q
q
q
q
2.0 GENERAL ELASTIC AND PLASTIC STRESS-STRAIN BEHAVIOUR
2.1 INTRODUCTION
In this section the basic concepts of the theory of elasticity and 
plasticity which were originally developed for metals are reviewed 
and the important definitions related to those theories are given. 
The basic principles of plasticity theory are presented in greater 
detail, because they are widely used for interpreting and modelling 
soil behaviour. Furthermore, using such theories cannot be 
effective without understanding their fundamental assumptions and 
limitations.
2.2 BASIC DEFINITIONS
2.2.1 PRINCIPAL STRESS SPACE
The state of an element subjected to general three-dimensional 
stress changes is normally represented in what is termed principal 
stress space (Fig 2.1a). Any point in this space defines the 
magnitudes of the three principal effective stress components o'/,
0>i and 0 '^ with reference to three orthogonal coordinate axes.
The plane OABC (shown in Fig 2,1a) represents all stress states in 
which CT/, = CTg', the condition of axial symmetry (e.g. the state 
of stress in triaxial apparatus). The line OB is the locus of all 
points for which O'/ = 0/ = 0^ ' and is termed the space diagonal.
The plane E^  E^ E 3 (Fig 2,1b) is drawn normal to OB so that 
OE, = OE 2  = OE3 ; this is termed an octahedral plane,
2.2.2 THE STRESS INVARIANTS
The stress at any point in a body is fully defined by the normal and 
shear stress components with reference to any three orthogonal axes 
(x, y and z). For an isotropic material therefore, it must be 
possible to state the yield and failure conditions in terms which do 
not change as the axes are rotated. These functions are called
’’stress invariants” i.e. they are invariants in the sense that 
their magnitude does not change as the reference axes are varied.
In general three independent stress or strain invariants may be 
defined. They can be expressed either in terms of <7x, CTy, <Tz and 
Txy, Tzx, Tzx with reference to any orthogonal axes (x, y, z) or 
in terms of three principal stresses and 0  ^. Therefore,
one form of the stress invariants is;
(a) the octahedral normal stress
O'oct = 1^0% + Oy + Gz)
= _l(ai + 0 2  + 0 3 ) ... 2  1
(b) the octahedral shear stress
Toct =1[(®X - Oy)^ + (ay - 02)2 +
+ (T^xy + + T^zx)]'/?
= - 0 2 ) 2  + (az - as) 2  + ( 0 3  _ „j)2 jl/ 2
2.2
(c) the third invariant defines the state of stress at a point on 
the octahedral plane
13n 0 - 73 ( 0 9  - O] )
2oi - 0 2  - 0 3    2.3
They may also be expressed as;
11 = Ox + Oy + Oz = ai + 0 2  + c?3
12 = T^xy T^yz + T^zx -  (oxoy + ayog + ozox)
= -(OiOg + O2 O 3 + O3 O 1 )
I 3 = OxOyOz + 2xxyTyzTzx " ( o x ^ ^ Z  ay T^zX ^ ^ z T ^ y )
= 0 1 .0 2 .a3
.... 2.4
Relationships similar to those described above may also be derived 
in terms of strains; e.g.
Il' = Gi + Gz + 6 3
1 2 * = -(eiEg + E2 G 3 + 6 3 6 1 )
I3' = G1.G2.E3   2.5
and
Goct =.l(ei + E2  + £3 )
Yoct = j2(( El - £2)^  + (g2 “ 63)2 + (Eg - El) 2) 1/2 p
 ^ # * * * (2 , 0
2.3 ELASTICITY AND PLASTICITY
Elasticity is the behaviour exhibited by solid bodies which return 
to their original shape when the external forces are removed.
Hence, elasticity deals with small load applications. In 
contrast, plasticity is the behaviour of solid bodies in which 
permanent deformations occur under the action of external loads. 
Thus, plasticity theory, concerns itself with situations where 
loads are sufficiently large. Hill (1950) states that "the theory 
of plasticity is the name given to the mathematical study of stress 
and strain in plastically deformed solids; especially metals". At 
the present time metals are the only material for which there is 
enough data to warrant the construction of a general theory to 
describe both elastic and plastic behaviour. For this reason the 
plasticity theory is related specifically to the properties of 
metals, though it may apply to other potentially plastic materials. 
Thus, a particular feature of this theory is that it is concerned 
with establishing laws of plastic deformations in a complex stress 
state. These laws, which agree satisfactorily with experimental 
evidence, have been established mainly for metals.
2.3.1 STRESS-STRAIN CURVE
In a simple tension test on a metal specimen, a typical 
load-extension curve is shown in Fig 2.2. For any value of load 
below B, when the load is removed the specimen returns to its
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original length. Point B is called the elastic limit or yield 
point. Beyond this point permanent deformation takes place. As 
the load is increased beyond the elastic limit, the strain 
increases at a greater rate. If the specimen will not deform 
further unless the load is increased, this condition is called work 
hardening or strain hardening. On the other hand, if strain were 
to continue to occur under constant stresses (line BF in Fig 2.2), 
this behaviour would be known as perfect plasticity. Finally, a 
point is reached (C) when the load is a maximum. This is called 
the point of maximum load or point of instability. Therefore, 
point C represents the limit of the application of plasticity 
theory.
If at any point between the elastic limit B and the maximum limit C 
the load is removed, unloading will take place along a line 
parallel to the elastic line OB such as that shown in Fig 2.2 by 
B'C’. Part of the strain is thus recovered and part remains 
permanently. The total strain can therefore be considered as being 
made up of two parts; the elastic component e® and the plastic 
component 6 ^ hence;
G = + gP   2.7
Upon reloading, the unloading line B ’C  is approximately retraced 
with very minor deviations (i.e. there is a small hysteresis 
loop). Plastic strains do not start again until the point B ' is 
reached. With further loading, the stress-strain curve is 
continued along B'C as if no unloading had occurred. Point B can 
thus be considered as a new yield point for the strain hardened 
material.
The above expression can be represented in general strain increment 
tensor form as;
- 'J .... 2 . 1
2.3.2 BAUSCHINGER EFFECT
If instead of a tensile test, a compression test is run on a metal 
specimen, practically identical curves are usually obtained. When 
the metal is stressed in tension (to exceed the initial tensile 
yield stress + Y) so as to produce plastic deformations 
corresponding to point A in Fig 2.3, and then unloaded to point B, 
the unloading will occur elastically and no irrecoverable plastic 
deformation results on reloading in tension. The reloading path 
follows the elastic line BA (neglecting hysteresis) and subsequent 
tensile yield stress +Y1 is greater than the initial yield stress 
+Y as before. If however, after unloading to point B, the 
specimen is now subject to uniaxial compression it is observed that 
yielding of the specimen as a whole occurs at a reduced magnitude of 
stress - Y2 and it is possible that this may be even lower than the 
initial tensile yield stress + Y.
This phenomenon is known as the "Bauschinger effect" and is present 
whenever a reversal of stress occurs. It is believed to be 
attributed to a particular kind of residual stress influenced by the 
grain boundaries (Hill,1950). Another explanation based on the 
anisotropy of the dislocation field produced by loading is given by 
McLean (1962).
2.3.3 ELASTIC STRESS-STRAIN RELATIONSHIP
The strains in the elastic range are related to stresses by the 
generalized Hooke's Law. For an ideal isotropic elastic material 
in which the elastic properties are the same in all directions, 
only two parameters (E and fl) are required, so that the generalized 
form of Hooke's Law can be written as;
ôGx " (1/E) [ôQx -  p6ay -  pôoz]
6Gy = (1/E) [ôGy -  p60z “ pdOx]
ÔGz = (1/E) [doz -  p60x -  W^Gy]
12
ÔYxy = (2/E) (1 + p) 6xxy
ÔYyz - (2/E) (1 + p) ÔTyz
üYzx = (2/E) (1 + p) 6tzx_________________________________ _ 2.9
where E and jx are the Young's modulus and Poisson's ratio
respectively.
2.3.4 BASIC CONCEPTS OF THE CLASSICAL THEORY OF PLASTICITY
In this section, a brief summary of the theories of plasticity and 
the essential assumptions which form the basis of the classical 
theory of metal plasticity are presented.
In the theory it is often assumed that the principal axes of the 
stress increment tensorWij coincide with those of the plastic 
strain increment tensorbcij . It is also assumed that yielding is 
unaffected by hydrostatic pressure because no permanent volume 
changes are recorded, and the yield stresses are identical in 
tension and compression.
The plastic behaviour of a material can be fully described by 
specifying the following conditions:
(i) An initial yield condition, defining the elastic limit of 
the material;
(ii) A flow rule, relating the plastic strain increments to 
the stresses at the time of plastic yield;
(iii) A hardening law, used to establish conditions for 
subsequent yield from a plastic state.
2.3.4.1 YIELD CRITERIA
In the uniaxial elastic-plastic case illustrated in Fig 2.2, the 
yield stress Yq indicated the onset of plastic strains. In the 
multiaxial situation yield stress must be defined in a different way 
as there is more than one component of stress; instead, a yield
13
function f is used. It is a scalar function of stress (either 
stress components, principal stresses or stress invariants) which 
indicates the onset of plastic strains and can be symbolically 
written as;
f(oij) = 0  .... 2 . 1 0
By analogy with uniaxial behaviour f(crij)<  0 implies elastic 
behaviour and f(CTij) >  0  is an impossible situation.
Equation 2.10 represents a surface in a stress space. Therefore, 
if it is expressed in terms of principal stress, the yield function 
can be plotted as shown in Fig 2.4. Such a plot of yield function 
in any stress space is called a yield surface. The space enclosed 
by it is the elastic domain. The criterion for deciding which 
combination of multiaxial stresses will cause yielding is called a 
yield criterion. The first step of any plastic stress-strain 
analysis is to decide on a yield criterion.
Numerous criteria have been proposed for the yielding of solids.
Some of the more common ones will be briefly discussed below.
(a) Tresca Criterion
This theory assumes that yielding will occur when the maximum shear 
stress Tmax reaches the value of the maximum shear stress occurring 
under simple tension k. Thus Tresca criterion predicts yielding to 
occur when;
Tmax = ( “ 1 - 0 3 )/? = k .... 2 . 1 1
This criterion is defined in stress space as hexahedral prism (see 
Fig 2.5).
(b) Von Mises Criterion
Von Mises suggests that yield will take place when the octahedral 
shear stress reaches a constant value. Thus the criterion may be
14
written as;
Toct = /2/3yo .... 2.12
Where Yq is the yield stress obtained in axial tension. The Von 
Mises criterion is usually found mathematically easier to apply than 
the Tresca criterion. Geometrically the Von Mises criterion is 
represented as a cylinder coaxial with the hydrostatic axis (see Fig 
2.5).
2.3.4.2 FLOW RULE
In the uniaxial case, it is obvious that the plastic strain will 
take place in the same direction as the stress. The situation is 
not so simple in the multiaxial case as the stresses and strains 
have in general six components. It is necessary to specify the 
direction of plastic straining at every stress state by what is 
called a "Flow Rule".
Consider an equation of the following form;
ÔsijP = X 6 f(aii)
2.13
Where represents the components of the increments of plastic
strain and Xis a positive scalar which is a function of current 
stresses, the stress increment and the entire loading history.
The components of the above equation may be expressed graphically as 
shown in Fig 2,6a. The vector normal to the yield surface has 
components which are the plastic strain increment components. The 
stress axes become plastic strain increment axes for representing 
these.
It should be noted, however, that equation 2.13* does not determine 
the value of increments of the plastic strain components though 
given that the stress component directions are known, it uniquely
15
defined their directions.
Because the vector is normal to the yield surface, this condition 
is termed the "Normality Condition". As the direction of plastic 
strains is associated with the current yield surface the flow rule 
represented by equation 2,14, is also called an "Associated Flow 
Rule". The vector representing plastic strain increments is 
referred to as "Strain Increment Vector".
The assumption of normality is found to describe the plastic 
behaviour of metals very well since they do not exhibit volume 
change during plastic shearing. For materials which may change in 
volume or dilate during plastic straining (such as soils), the 
direction of plastic strain increment vector is not normal to the 
yield surface. Therefore, the flow rule is not associated with 
the yield surface and is called a "Non-associated Flow Rule". It 
can be written as;
~ X
3a-|j '•••
Q(.ij) * f(oij) •••• 2-15
Here, Q((Tij) represents a "plastic potential function" which is 
different from the yield function and the surface called "plastic 
potential surface" (see Fig 2.6b).
2.3.4.3 HARDENING LAW
The initial yield surface at which a material will first start 
yielding was discussed in Section 2.3.4.1. For a "perfectly 
plastic" material, this yield surface remains fixed, as is seen in 
the uniaxial case (Fig 2.2) where the stress after yielding remains 
constant at the yield stress. However, for a material that "work 
hardens", the yield surface must change for continued straining 
beyond the initial yield.
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According to Drucker’s stability postulates (1950), the concept of 
work hardening can be expressed in terms of the work done by an 
external agency which slowly applies an additional set of stresses 
and then slowly removes them. The original state of strain may or 
may not be restored.
This external agency is to be understood as entirely separate and 
distinct from the agency which causes the existing state of strain. 
Drucker also stated that work hardening implies that for all such 
added sets of stresses the material will remain in equilibrium and 
further that;
(a) positive work is done by the external agency during the 
application of the set of stresses i.e.
+ GijP) > 0  .... 2.16
and
(b) the net work performed by it over the cycle of application 
and removal is zero or positive
i.e.
a-jj G - j > 0 .... 2.17
Therefore, if a yield function is given by the following equation;
= k ....2.18
Such that whenever the function f becomes equal to the constant K, 
yielding begins, K then represents the locus of initial yield in 
stress space. This type of relationship can then be generated to 
subsequent yield surfaces. After yielding has occurred, K takes 
on a new value (or values), depending on the work-hardening 
properties of the material. If the material is unloaded and then
17
loaded again, additional yielding will not occur until the new 
value of K is reached. The function f can then be looked upon as a 
"loading function", or "loading surface", which represents the 
load being applied, and the function K is a yield function or work 
hardening function and will depend on the complete previous stress 
and strain history of the material and its work hardening 
properties. We can now distinguish three cases for a 
work-hardening material as summarised by Mendelson (1968);
(i) f = k, df = daij > 0 constitutes loading .... 2.19
a*ij
(ii) f = k, df = daij = 0 neutral loading _ _ _  2.20
doij
(iii) f = k, df = 6f daij ^ 0 constitutes unloading
daij «... 2 . 2 1
For a work hardening material no plastic flow occurs if f = K and 
the stress state is an elastic one. For perfectly plastic 
material, plastic flow occurs for f = K and df = 0. The case 
df i> 0  does not exist since the stress state cannot move out from the 
yield surface.
The hardening law, therefore, determines the manner in which the 
yield function or yield surface in stress space changes due to 
plastic straining. As to the nature of hardening rules, there are 
two principal versions in use. These are explained in subsequent 
sections.
2.3.4.4 ISOTROPIC HARDENING
This theory assumes that during the plastic flow the loading surface 
expands uniformly about the origin in stress space, maintaining the 
same shape, centre and orientation as the yield surface. Fig 2.7a 
illustrates in a two dimensional plot, the isotropic hardening 
behaviour. The path OA is elastic and at A the material is in a 
state of incipient yielding. Upon further loading the yield
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surface expands to C. The path AC represents isotropic 
strain-hardening behaviour. If unloading occurs at C, the 
behaviour will be elastic until the point D is reached, when the 
material will start to yield again. The path OC is equal in length 
to OD. Thus, the isotropic hardening concept does not account for 
the Bauschinger effect exhibited by most structural materials (see 
Section 2.3.2), The subsequent yield surfaces are mathematically 
represented by a loading function;
h) = 0  .... 2 . 2 2
where h is a hardening parameter.
The concept of isotropic hardening is used quite extensively, 
partly because of its simplicity and partly due to insufficient 
knowledge of the anisotropic behaviour of materials. In- some 
situations where the material is subjected to some type of loading 
involving stress reversal, the assumption of isotropic hardening 
may induce considerable errors since the Bauschinger effect is 
generally strongly pronounced. Such conditions will be best 
modelled with the help of kinematic hardening concepts.
2.3.4.5 KINEMATIC HARDENING
What is meant by kinematic hardening is that during plastic 
deformation the yielding surface does not change its initial form 
and orientation but translates in the stress space, like a rigid 
body. Hence, the magnitude of increase of yield stress in one 
direction will result in a decrease of yield stress by the same 
amount in the opposite direction.
A typical kinematic hardening mechanism is shown in Fig 2.7b. The 
yield surface and loading surface are shown for a shift of the 
stress state from A to B. At point A yielding is initialized and 
the subsequent loading path AB represents the elastoplastic 
kinematic loading behaviour, while the elastic path is denoted by
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OA.
As a result of translation of the yield surface during this loading, 
the centre of the yield surface moves to O'. Any unloading from B 
results in purely elastic behaviour until the loading path reaches G 
when the material yields once again. Thus, the yield stress upon 
load reversal is lower. This concept was first introduced by 
Prager (1955) and later modified by Ziegler (1959).
Experimental investigations (Naghdi, 1960) indicate that under 
certain complex loading conditions the yield surface is sometimes 
found not only translate but rather, translate, rotate and 
distort. This is sometimes called an anisotropic hardening 
response. Baltov and Sawezak (1965) proposed a rule that accounts 
for deformation and rotation of the initial yield surface, Mroz
(1967) introduced the concept of a "field of work-hardening moduli" 
to model such anisotropic hardening behaviour.
2.4 STRESS-STRAIN AND YIELDING BEHAVIOUR OF SOILS
2.4.1 INTRODUCTION
In the elasto-plastic theory of materials, when stresses are 
applied to a material the resulting strains are divided into two 
components; elastic (reversible) and plastic (irreversible). When
gradually increasing stresses are applied to a material, the 
strains at first are generally elastic or completely reversible.
As the stresses are increased, it is assumed that there is a 
certain point (yield point) when the strains cease to be entirely 
elastic and become partly elastic and partly plastic. In the 
general three dimensional condition, it is assumed that stresses 
below the yield surface are purely elastic and can be calculated 
using the generalized Hooke's law. The plastic strains can be 
calculated by subtracting these elastic strains from the total 
measured strains.
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In soils (and especially in granular materials), the elastic 
strains are due to the elastic compression and distortion of actual 
grains, while the plastic strains are caused by slip at grain 
contacts, by the rolling of grains over each other and by crushing 
at grain contacts. However, when stresses are applied to a soil 
mass, parallel elastic and plastic strains take place from the 
beginning of loading. Therefore, for soils, there is no definite 
single point which separates elastic and plastic strains and 
recoverable strains can only be obtained after an unloading cycle. 
Even so, these recoverable strain may not always be purely elastic 
(Hardin ,1978 and Cole ,1967).
2.4.2. THE NATURE OF ELASTIC AND RECOVERABLE STRAINS IN SOIL
Hardin (1978) gave an excellent explanation of the nature of strains 
in soils by considering the deformation of two elastic spheres in
contact, illustrated in Fig 2,8. The strains due to the variation
of the force normal to the contact are purely elastic as shown in 
Fig 2.8a. The load-deformation relationship is identical for 
loading and unloading. There is no slippage at the contact. When 
a tangential force is applied as shown in Fig 2,8b and c, slip as 
well as elastic strains is involved in the deformation. In c after 
the tangential force T, is increased to the frictional resistance, 
fN, gross slippage occurs and the deformations beyond point A are 
purely plastic, but for T <  fN the slip and elastic deformation 
occur in parallel and one cannot be isolated from the other. For 
both loading and unloading, slip occurs and energy is dissipated by 
friction. The strain recovered is not always purely elastic.
However, purely elastic strains may be considered as total
deformation of a mass of soil if the internal structure is kept 
unchanged (El-Sohby ,1969). This change in the internal geometry 
is mainly affected by the existance of shearing forces at the points 
of contact. Hardin (1978) stated that the stress-strain relations 
for soils are purely elastic for only small amplitudes of
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loading-unloading cycles. Similarly Cole (1967) observed that the 
elastic strains in Leighton Buzzard sand are small, and when the 
stress ratio acting on the sample is reduced the behaviour is only 
elastic for a small reduction of the stress ratio. Thus, upon 
reloading to the previous maximum stress ratio, the initial 
response is elastic, but if a large unloading of the stress ratio 
has occurred, plastic strains will occur before the previous 
maximum stress ratio is reached. Cole (1967) also presented 
stress-strain data obtained from drained tests on Leighton Buzzard 
sand tested in the simple shear apparatus. The sample was 
subjected to several unloading-reloading cycles after various stress 
ratios had been reached. He plotted the unloading-reloading cycles 
for this drained test with a common origin as shown in Fig 2.9, He 
found that the reloading curves seemed to lie on a unique curve 
while there is considerable variation between the position of the 
unloading curves.
Because of this, the assumption by Holubec (1966) that all the 
strains below the yield surface are purely elastic and their 
magnitude is given by the average of the unloading and reloading 
curves was criticised by Cole. Holubec (1968) limited his 
assumption to the strains that occur when samples are unloaded to 
zero stresses from stress conditions which are smaller than 80% of 
the maximum stress. Barden et al (1969) observed that pre-peak 
reloading, particularly from values of stress ratio less than 2/3 
of the peak value, exhibited only a small hysteresis and which can 
be considered to behave elastically. El-Sohby (1969) suggested 
that the change in the internal geometry of soil packing that cause 
slip strains can be minimized if the mass of soil is tested under no 
applied shearing forces, but only under isotropic pressure,
El-Sohby (1969) and El-Sohby and Andrawes (1972) reported that for 
dense specimen of sand subjected to hydrostatic compression, 
deformation can be considered completely elastic. As the sand gets 
looser, both the elastic and sliding deformation increase and the 
rate of increase of the sliding deformations is greater than that of 
the elastic deformations. Ting (1982) reported results of tests on
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medium dense sand subjected to hydrostatic compression. He 
observed that the elastic volumetric strains are always greater than 
the plastic volumetric strains but the ratio between the elastic and 
plastic volumetric strain components increases as the hydrostatic 
pressure increases.
The behaviour of cohesionless soils under constant stress ratio has 
been investigated by El-Sohby and Andrawes (1972). Their results 
showed that the deformations of a sand under constant stress ratio, 
during loading, can be divided into elastic and sliding components. 
The sliding component of deformation increases as the applied 
constant stress ratio increases. While during unloading the 
corresponding deformation can be considered totally elastic 
independent of the number of cycles.
2.4.3 FAILURE CRITERIA FOR SOILS
In classical soil mechanics, soil has traditionally been considered 
to be a rigid-perfectly plastic solid, and simple calculations have 
been used to estimate the applied loads that would cause collapse. 
This type of analysis is known as limit analysis.
For example, bearing capacity, stability of earthworks and earth 
pressure calculations are based on.the above assumption. The major 
limitations of the limit theorems is that it is impossible to 
deduce the likely deformations of the soil either at the moment of 
collapse, or under working conditions. The only way to predict 
deformations is to employ an elastic analysis(Gibson,1974 and Poutas 
and Davis,1974) . Therefore, soils were considered to behave as 
elastic perfectly plastic solids (Wroth ,1973),with calculations for 
deformations (e.g settlements of foundations) being carried out 
separately from these to estimate failure loads (e.g. bearing 
capacity),
However, the use of the limit equilibrium theorems led researchers 
to look for suitable failure criteria for soils. The yield
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criteria originally developed for metals have been used as failure 
criteria (e.g. Tresca and Von Mises, Section 2.3.4.1), In their 
original form, they were available for these limited exceptional 
cases where soil strength is independent of the magnitude of 
hydrostatic stress I,, i.e. during undrained behaviour. 
Modifications are required, however, if they are to be applied to 
the effective stress behaviour of soils. Therefore, these yield 
criteria have been modified to include the influence of mean stress, 
Tresca and Von Mises became known as extended Tresca and extended 
Von Mises respectively. Both are represented in the stress space 
as shown in Fig 2,10a,
The Mohr-Coulomb criterion, however, remained the one most 
commonly used for soils, although it has meaning only in the 
symmetrical cases in which two of the three principal stresses are 
equal (Bishop ,1966). The intermediate principal stress, cTq > is 
equal to the minor principal stress, . The Mohr-Coulomb
criterion in three dimensional stress space is represented by the
surface of a hexagonal pyramid whose axis is the space diagonal and 
whose apex is the origin. The trace of such a hexagon on the 
octahedral plane, together with the extended Tresca and Von Mises 
criteria is shown in Fig 2.10b.
Numerous investigators have carried out experiments on soils to 
establish the validity of the failure theorems, [Kirkpatrick 
(1957), Roscoe et al (1963), Wu et al (1963) and Bishop (1966)],
Kirkpatrick (1957) was able to stress granular soils to failure,
using values of intermediate principal stress between the two 
extremes of the triaxial compression and extension tests. He 
obtained data from points along the sides of the hexagonal section 
between the corners (1) and (2) on Fig 2.10b. His results indicate 
points located somewhat outside the straight-line portion of 
Mohr-Coulomb criterion.
Similarly Wu et al (1963) and Bishop (1966) found that Mohr-Coulomb 
criterion were satisfied under triaxial conditions but the (/>’ value
could increase by up to a few degrees in a general stress condition. 
Based on extensive experiments on cohesionless soils using cubical 
triaxial tests. Lade and Duncan (1973) proposed a failure surface 
which was expressed in terms of the first and the third stress 
invariant. This criterion can be written as;
( I 1 V I 3 )  = const .... 2.23
In principal stress space, the shape of Lade's failure surface as 
defined by the above equation is conical, with the apex of the cone 
at the origin of the stress axes, as shown in Fig 2,11a. Its 
cross-section on the octahedral plane is also shown in Fig 2.11b.
Matsuoka (1974) proposed a failure criterion which was initially 
developed from complex theoretical derivations based on the concepts 
of specially mobilised planes within a soil specimen where slip is 
assumed to occur. The criterion has the form;
d i M j j / I s  = const . . . .  2 . 2 4
Its representation on the octahedral plane is shown in Fig 2.11b.
It can be seen that this criterion is very similar to Lade's 
criterion and both are coincident with the Mohr-Coulomb criterion 
for triaxial compression. Only the Matsuoka curve coincides with 
the Mohr-Coulomb criterion for triaxial extension.
Although Matsuaka's criterion agrees with Mohr-Coulomb (in that the 
peak strengths in both compression and extension are equal) (Wroth, 
1984),not all previous experimental investigations agree with that. 
Many researchers have reported values of peak strength in extension 
exceeding that in compression (e.g. Reads, 1972; Dyson, 1970 
and Ko and Scott, 1968). Moreover, some even reported results of 
peak strength in extension less than that in compression (e.g. 
Bouthwell, 1968),or approximately equal (e.g. Sutherland and 
Mesdary, 1969) . However, unless a consistent experimental data
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can be found, it is not easy to judge which of Lade's or Matsouka’s 
criteria are the more suitable for cohesionless soils.
2.4.4 ISOTROPIC WORK HARDENING OF SOILS
Previous investigations on the stress-strain behaviour of soils 
suggest that soil cannot be treated as elastic material, neither it 
can be considered to behave rigidly-plastic. In contrast, upon 
loading soils exhibit both elastic and plastic deformation from the 
beginning of loading. Thus, soils can be said to exhibit a work 
hardening behaviour because plastic irreversible deformation is 
produced right from the beginning of loading.
The first attempt to treat soils as a work-hardening material was by 
Drucker et al (1957). They recognised two important features.
The first is that the consolidation curve, with the usual virgin 
compression and unloading-reloading branches, constitutes a clear 
indication of work-hardening behaviour, and the second is that the 
preconsolidation stress corresponds to a yield surface which, when 
reached by subsequent loading, will indicate the onset of 
irreversible deformations. They considered the yield surface to 
consist of two portions (see Fig 2.12); the Mohr-Coulomb surface 
(the cone) and the cap which passes through the isotropic 
compression axis. The cap translates along that axis, with its 
positions determined by the preconsolidation stress. The 
relationship between this stress and the void ratio is governed by a 
hardening rule. The plastic strain increments would then be given 
by the normality flow rule, treating the composite yield surface as 
the plastic potential.
The introduction of isotropic work-hardening plasticity into soil 
mechanics led in turn to the development of the family of "capped" 
models, such as the Cam-clay model developed at Cambridge 
University as a result of extensive experimental investigations on 
cohesive materials. In parallel to that, the yielding behaviour 
of cohesionless soils has been investigated experimentally using
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triaxial and plane strain apparatus both at Cambridge and other 
places. Since then various interpretations of the yielding 
behaviour of sands have become available. Although this progress 
led partially to provide a better understanding of the nature of the 
stress-strain behaviour of soils, on the other hand, there is 
still a lack of generality. Assuming soils to work-harden 
isotropically is not always reasonable since under certain types of 
loading (e.g. stress reversal loading), soils exhibit different 
responses which cannot be accounted for using the concept of 
isotropic hardening. Therefore, the reported success of many soil 
models has been due to the fact that the investigators were only 
employing monotonie loading in their testing programmes.
The previous experimental investigations on the isotropic hardening 
behaviour of cohesionless soils mainly followed two different 
directions in order to interpret the observed behaviour. Some 
investigators followed the idea that sands are a particulate 
material therefore by idealizing the behaviour into simple packing 
then reduced the number of parameters to be studied. Others 
interpreted the observed stress-strain behaviour within the 
framework of plasticity theory, hence assuming soils to behave as a 
continuum.
In the following sections, previous experimental investigations 
related to the isotropic type of work-hardening (i.e. those 
involving only monotonie loading) will be reviewed and presented 
according to the approach by which those observations have been 
interpreted. Special emphasis is placed on cohesionless soils.
2.4.5 THE PARTICULATE APPROACH
The recognition of some investigators of the stress-strain behaviour 
of granular material, that granular material is a particulate 
matter in which stresses and deformations at the particles in 
contact will govern the microscopic behaviour, has led to studies 
of the behaviour of regular geometrical arrangement of spheres.
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The force-displacement response of two elastic spheres in contact 
according to Hertz’s theory (Timoshinko and Goodier, 1951) forms a 
base for such an approach. Various forms of regular arrays of 
equal spheres, tangential loads imposed on two elastic spheres 
and the strength of granular models of regular arrays of spheres 
under shearing stresses have been studied by some workers (e.g. 
Mindlin and Deresiewicz,1951 and Biarez, 1961). The use of 
such regular packing models aimed to isolate the various factors 
governing their behaviour under shear. Attempts have also been 
made to extend these findings to random assemblies of irregular 
particles. More details of this kind of work can be found in 
reviews by Scott and Ko (1969), Dyson (1970) and Mogami (1977),
Rowe (1962) assumed that behaviour at contacts was demonstrated by 
friction and slip, thus ignoring the elastic and plastic 
deformation of the particles and their ability to roll. He studied 
the behaviour of a stack of uniform rods, under plane strain, and 
that of a three dimensional packing of spheres under the triaxial 
stress condition. As a result the stress-dilatancy theory was 
first proposed by Rowe (1962). It postulated a relationship 
between stress ratio (R = /O3 ) and strain rate ratio (D) which can
be written as;
R = DK   2.25
where the dilatancy factor D expresses some form of the ratio of 
strain ratio € 3  / €■, (the precise form depending on the stress 
conditions imposed) and K, which is defined as tan (45 + 0/2) in 
which;
4>ll <  <l> <
The derivation of the stress-dilatancy theory by considering first 
the behaviour of packing of perfect spheres, led to criticism on 
the lines that the behaviour of spheres is not necessarily relevant 
to the behaviour of sand. Skinner (1969) concluded after 
performing shear box tests on glass ballotini and other materials 
that particle rolling can occur during shear and shear strength does
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not necessarily increase with an increase in the interparticle 
friction.
Extensive experimental investigations on real granular materials 
were carried out at Manchester University to prove the validity of 
the stress-dilatancy relationship, Barden and Khayatt (1966), 
Barden et al (1969) and Rowe (1971) obtained experimental results 
from tests conducted using triaxial and plane strain apparatus, and 
showed good correlation with the stress-dilatancy theory. Fraydman 
et al (1973) as a result of tests performed in the hollow cylinder 
apparatus, derived an equation which was very similar to the 
stress-dilatancy equation (see equation 2,25). Test data from 
cohesionless material in the simple shear apparatus was found to be 
in reasonable agreement with the stress-dilatancy theory 
(Cole,1967).
However, because the theory derived mainly from the assumption that 
slip strains dominating the deformation, experimental evidence 
shows that stress-dilatancy cannot be applied in cases where large 
elastic strains form a major part of the deformation (Barden et al, 
1969; Gerrard,1967), Therefore, the relationship can be 
considered particularly as a suitable flow rule for cohesionless 
soils, in order to predict large strains where elastic strains are 
considered to be small in comparison with the plastic component.
In general, the particulate approach appears to be very attractive 
for the reason that it matches with the nature of the soil as a 
discrete material. Despite some of the success that has been 
achieved in this field, however, there is still much work to be 
done in order to fill some of the many remaining gaps.
2.4.6 CONTINUUM APPROACH
Some of the investigators of stress-strain behaviour of soils 
assumed soils, even cohesionless materials, to behave as a 
continuum. Their view was based on some similarity between 
stress-strain behaviour of soils and those of solid materials.
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Also,it allowed them to make use of the mathematically well 
established theory of plasticity which successfully described the 
plastic behaviour of metals.
Perhaps the earliest application of plasticity theory to soil
mechanics, was related to Drucker and Prager (1952) who studied the 
limiting equilibrium states in soils at large deformation. Since 
then many more theoretical and experimental investigations have been 
carried out. However, the use of the theory of plasticity to
describe the behaviour of soils is accompanied by many difficulties
due to some dissimilarity in nature between metals and soils.
Among those recognised difficulties are;
(a) The lack of normality exhibited by many soils
(b) The influence of isotropic consolidation on the yield 
surface
(c) The yield condition in soils is more difficult to define 
than in the case of metals.
Accordingly, modified form of plasticity theory have been adopted 
by many researchers to describe the yielding behaviour of soils 
mainly as a result of experimental investigations. Thus, within 
the shadow of plasticity theory, extensive research on the 
stress-strain behaviour of clays and sands has provided a much 
better understanding of the nature of yielding behaviour of soils, 
which has led to reasonable interpretation and modelling of such 
responses.
2.4.6.1 STATE CONCEPT
Casagrande refers to the density at which the soil will deform in 
shear without volumetric strain as its "critical density", and 
shows that initially loose and initially dense samples of the same 
sand at the same normal stress level reach the same density at large 
strains. At this state the soil deforms under no increase in 
effective stress. This critical void ratio depends only on the
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shape and grading of the grains and on the effective stress, and is 
independent of the original state of packing. Once this void ratio 
has been reached, the soil continues to deform as a frictional 
fluid with constant strength, and at constant volume. The soil is 
then said to be in the critical state.
Following the above definition, Roscoe and his colleagues (Roscoe 
et al, 1958), have defined a unique line plotted in the p ', e 
plane. Any undrained or drained stress path started from a normal
consolidation line must reach the critical state line (see Fig 
2.13a). They also stated that this line is the border between two 
regions described as "wet" and "dry" side of critical state.
However, soils tested under drained condition will exhibit 
reduction in volume (lose water) if it has a higher water content 
than at the critical state. On the other hand, it will expand in 
volume (gain water) if it has a lower water content than at the 
critical state. According to the critical state concept, the soil 
will exhibit no volume change in undrained condition and contractive 
volume change during the drained condition as long as those stress 
paths lie on a unique surface called the state boundary surface.
This surface is shown in three dimensional plot in Fig 2.13b. 
However, the state of the soil below this state boundary surface is 
completely elastic.
A unified simple picture for the yielding of a soil based on the 
critical state concept described above was found not to be 
completely applicable for sands. This is mainly for two reasons; 
the first is that for all initial states of sands except for the 
very loose initial state, the critical state line is approached 
from the "dry" side (see Fig 2.13). Secondly, a unique virgin 
consolidation curve such as exists for "wet" clays does not exist in 
the case of cohesionless soils. However, extensive experimental 
data obtained from triaxial and simple shear apparatus suggested the 
existence of a state boundary surface for sands (Roscoe et al,
1963; Cole, 1967; Roscoe, 1970 and Stroud, 1971). Based on 
experimental results Cole (1967) suggested that the behaviour of
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sand under the state boundary surface cannot be considered purely 
elastic since some plastic contractive volume change took place. 
Furthermore, in case of stress paths above the state boundary 
surface, the behaviour is completely dilative.
The idea of characterisation of sand behaviour into two states in 
which either positive or negative pore pressure will occur during 
undrained tests depending on the initial state of the sand was 
introduced by Casagrande (1971) and Castro and Poulos (1977). The 
line separating the two states was called the "steady state line". 
The steady state concept was considered by Casagrande (1971) and 
Castro and poulos (1977) as an index to describe the liquifaction 
behaviour of sands rather than to determine the stress-strain 
characteristics.
Been and Jefferies (1985) extended the steady state phenomenon to be 
used for describing large strain behaviour of cohesionless soils.
The steady state line was determined by Been and Jefferies (1985) in 
a similar fashion to that of the "phase transformation line" of 
Tatsuoka and Ishihara (1973) and the "characteristic state line" of 
Habib and Luong (1978). Both were defined as the stress level 
corresponding to the passage from volumetric compression to 
volumetric dilation The method of determination of the 
characteristic state according to Habib and Luong (1978) is 
illustrated in Fig 2.14. These latter concepts (despite the 
different names given to them) are describing a very fundamental 
aspect of cohesionless soils.
Tatsuoka and Ishihara (1973) performed tests in triaxial compression 
and extension on sands with different densities employing several 
stress paths. From these they constructed a state surface 
corresponding to each state of packing. They assumed that the
plastic yielding in sand is produced only when stresses are changed 
along the paths laying on the state surface (see Fig 2.15a) and all 
other paths below it are related merely with elastic deformation.
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They also suggested that there are an infinite number of state 
surfaces in a sand corresponding to each of the densities of the 
compacted sample (Fig 2.15b),
2.4.6 .2 THE CONCEPT OF YIELD LOCI
In the sense of the classical theory of plasticity the yield 
condition is defined as the limit of elasticity under any possible 
combination of stress (see Section 2,3.4.1). However, for soils a 
similarly definable yield surface does not exist. Ko and Scott
(1967) give the reason for this: that there approximately exists no 
shear stress below which soils behave completely elastically.
Drucker (1964) states that yield surfaces for soils are a matter of 
definition. The choice is not an absolute one, but is determined 
by the most significant features of the problems to be solved. An 
excellent physical definition of yield as contrasted with failure 
was given by Ko and Scott (1967). They considered yield to occur 
at deviatoric stresses where only irreversible grain to grain 
movements take place, but without affecting the structural 
arrangement of the grains. As more slippage occurs, the 
structural arrangement of the particles changes and failure can be 
assumed to take place.
Another definition of yielding was used by Schofield and Wroth
(1968) in their Granta gravel model, where they considered that the 
material only yields when peak stress ratio is reached. The model 
ignores elastic strains and assumes that sand is rigid up to peak 
stress ratio when large plastic shear strains and volume changes 
occur as the sample yields to the critical state along a state 
boundary surface which is identical to the locus of the peak ratio 
points. Rowe’s Dilatancy Theory ignores the pre-peak yield and 
Frydman et al (1969) define a yield point below which no significant 
strains occur during only deviatoric stress increase. Many other 
workers have found that sands should be considered to yield 
continuously from the beginning of stressing (Cole, 1967; 
Poorooshasb et al, 1966, 1967; Ko and Scott, 1968; Lade and
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Duncan, 1976; Tatsuoka and Ishihara, 1975 and Barden et al,
1969).
Poorooshasb et al (1966, 1967) established a method for determining
the yield loci for sands. They performed experimental studies on 
Ottawa sand in triaxial compression. As a result of their 
observations, a family of yield loci in stress space were defined 
by the function; f = ")?= (q/p') where q is the deviatoric stress and 
p ' is the effective mean normal stress. The method suggested by 
Poorooshasb et al (1966), to establish the above yield function, 
consists of performing triaxial drained tests employing different 
multi-step stress paths as illustrated in Fig 2,16. The specimen 
is sheared by increasing the deviator stress to certain magnitude, 
unload, and then instead of reloading along the same stress path, 
it is first subjected to isotropic compression (i.e. increasing 
the mean normal stress p') before shearing again along a different 
stress path. Had the specimen been reloaded along the same stress 
path, no yield would have occurred until the previous stress level 
was reached. Therefore, only one yield point could have been 
identified. Reloading along different stress path allow a new 
yield point to be established at different positions along the p ’ 
axis, hence small segments of the yield locus can be determined, 
so that the complete yield locus is gradually pieced together.
Barden et al (1969) demonstrated results of two stress path tests 
conducted in the plane strain apparatus. It was concluded by them 
that yield is approximately governed by the maximum previous value 
of the effective stress ratio (R = cr^ ' /cfg ). Hence supported 
Poorooshasb et al's definition of yield. They also pointed out 
that a large increase in the mean stress can introduce appreciable 
grain crushing and hence complicate the yielding behaviour.
However, Poorooshasb (1971), based on further experimental 
investigation suggested slight modifications to the yield function 
previously proposed by Poorooshasb et al (1966) to include the 
effect of mean normal stress p ’. Hence the shape of the yield loci
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become slightly curved and can be expressed mathematically using the 
following function
f  = n + m Inp '  . . . .  2.26
where m is a constant dependant on the type of the sand used.
Cole (1967), as a result of his comprehensive testing programme on 
Leighton Buzzard sand tested in the Mark 6  simple shear apparatus at 
Cambridge University, concluded that the yielding of sand below the 
state boundary surface (see Section 2.4.6.1) is associated with a 
family of yield loci, these are a series of approximately straight 
lines radiating from the origin with slopes that decrease very 
slightly as the normal stress increases. Each of these lines can 
be considered to correspond to a mobilized angle of friction 
since;
sin^mob = t / s  = l / 2 ( o i  -
l/2(a^ + CJ3) .... 2.27
Cole's findings, however, looks very compatible with Poorooshasb 
et al (1966) definition of yield.
Tatsuoka and Ishihara (1974) adopted a similar technique to that 
proposed by Poorooshasb et al (1966). They carried out an 
extensive experimental programme on sands tested in the triaxial 
apparatus and obtained a similar form of yield locus to that 
previously proposed by Poorooshasb (1971). It was, however, 
recognised by them that the yield locus changes to some extent 
depending upon the density of the sample as illustrated in Fig 2.17.
Tong (1975), using a curve fitting procedure, constructed plastic 
axial strain contours as obtained from various stress path tests 
conducted in the traixial apparatus. After he had established a 
yield locus using the method suggested by Poorooshasb et al (1966),
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he concluded that both the yield locus and plastic axial strain 
contours had a similar shape.
Similarly Miura et al (1984) adopted Poorooshasb et al (1966) method 
for establishing yield loci and extended the investigation of the 
yield loci for sand to high stress levels , Where compressibility 
will mainly be due to particle crushing. Segments of yield loci 
were determined both in compression and extension triaxial stress 
regions as shown in Fig 2.18. The curvature of these yield loci 
resulting from joining them, is very large compared with those 
obtained at low stress ranges (e.g. Tatsauka and Ishihara, 1974). 
Miura et al (1984) approximated them by a family of curves that 
forms a "cap" similar to that suggested for the modified 
Cam-Clay (Roscoe and Burland, 1968). In addition, they concluded 
that the behaviour of sands in the particle crushing region is 
similar to that for normally consolidated clays.
Lade and Duncan (1975) proposed a yield surface in three dimensional 
stress space which they assume to have a similar shape to the 
failure surface previously suggested by Lade and Duncan (1973) as a 
result of extensive experimental programme on Monterey No, 0 sand 
tested in the cubical triaxial apparatus (see Fig 2.11). Their 
yield function was expressed in terms of the first and third
—.3 —
invariants (f = / I 3 ) ,  therefore, for stress paths involving
primary loading, yield occurs only when the previous maximum stress 
level (f) is exceeded. However, any stress path below this 
previous maximum stress level is assumed to produce only elastic 
deformations.
Lade and Duncan (1976) carried out a series of stress path tests in 
the triaxial compression apparatus in order to demonstrate the 
validity of their proposed theory to predict the yielding behaviour 
of cohesionless soils. It has been recognised by them that their 
model cannot predict correctly the behaviour of sands during 
constant stress ratio loading since the stress level in this case 
remains constant. This led Lade (1977) to modify the shape of the
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yield surface to become slightly curved and to include in his model 
a "capped" yield surface to allow for plastic consolidation strains 
during isotropic and constant stress ratio loading.
To the knowledge of the author and as has been pointed out by Wroth 
and Houlsby (1985), Lade's choice of a spherically shaped cap was 
not based on experimental data but rather a matter of convenience and 
mathematical simplicity. Furthermore, it was assumed that there 
is no coupling between the two types of yielding resulting from both 
kinds of yield loci; they are calculated independent of each other. 
This has been discussed further by Tatsuoka and Molenkamp (1983) who 
presented results of triaxial compression tests on sand specimens 
using various stress paths. In their first series of tests which 
involved stress paths as shown in Fig 2,19a , all samples were 
subjected to loading-unloading cycle ABC,and then each specimen was 
consolidated with a different value of mean normal stress before 
sheared for the second time. From their test results shown in Fig 
2.19b, it can be seen that the point where yielding starts during 
the second shearing is becoming less clear with the increase of 
isotropic consolidation. They related this to the anisotropic 
fabric which is formed during first shear deformation is changed by 
the plastic deformation during the following isotropic compression 
and the resistance against shear deformations during shear reloading 
is reduced to some extent with the increase in the amount of 
deformation during the isotropic compression.
Tatsouka and Molenkamp (1983) also presented data from sand 
specimens which were overconsolidated before shearing. It was 
shown by them that the behaviour of the overconsolidated sample is 
in contrast to that during normal consolidation. They related this 
to the fabric change during overconsolidation which provides an 
increased resistance against shear deformation. They therefore 
concluded that the form of yield locus such as that discussed by 
Poorooshasb et al(1966) and Lade (1977) should be modified to 
include the effect of isotropic compression and overconsolidation. 
Tests of similar nature td these of Tatsuoka and Molenkamp (1983),
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have been reported by Cavalera and Hueckel (1985). They conducted 
a series of stress path tests as illustrated schematically in Fig 
2.20a. The first series consists of cyclic shear stress loading 
under various constant isotropic stress with the same O.C.R., but 
different preconsolidation stress (A and B). While the second 
series consists of isotropic stress cyclic loading under various 
constant deviatoric stress (C and D). The results show that the 
measured volumetric strains are of dilative right from the beginning 
of shear. However, no comparison with data from normally 
consolidated samples were reported. The results obtained by 
Cavalera and Hueckel (1985) from their second series are illustrated 
in Fig 2.20b, in which Fig (ii) and (iii) are complemented 
isotropic compression cycles to that shown in Fig (i). It can be 
seen that the cyclic compressions produces deviatoric cyclic strain 
as well as volumetric strains. Furthermore under higher q, the 
first cycle appears much softer than the following.
From the above reviewed experimental investigations, it can be said 
that, the concept of yield loci seems to be a powerful method for 
interpreting the stress-strain behaviour of cohesionless soils. It 
is, however, clear that previous experimental investigations have 
not yet attempted ' to extend such yield loci to more general three 
dimensional space or at least into the extension side of triaxial 
stress space. Furthermore, only limited investigations have 
discussed the coupling effect between isotropic consolidation and 
deviatoric shearing. Moreover, previous work to investigate the 
influence of stress history and stress paths on the stiffness of 
soils (Breth et al, 1973; Lambrecht and Leonards, 1978 and 
Daramola, 1978) can be best interpreted with the use of the concept 
of yield loci (Clayton, Hababa and Simons, 1985).
2.4.7 ANISOTROPIC AND KINEMATIC HARDENING
Perhaps the Bauschinger effect observed in metals (Section 1.3.3) 
demonstrates the simplest case by which a material can exhibit 
kinematic hardening behaviour. As was shown when a specimen is
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subjected to a stress path that includes stress reversal, plastic 
yielding takes place before the previous stress level has been 
reached. In more general terms this means that the yield surface 
does not expand isotropically during plastic shear, but in fact may 
deform or translate rigidly in stress space. To give one practical 
example, this type of behaviour is very pronounced during cyclic 
loading situations.
With regard to the considerable amount of research previously done, 
in order to study the response of soils under cyclic loading, the 
majority of the experimental investigations have been directed 
towards observing the degradation of strength and the resulting 
development of pore pressure during the application of a very large 
amount of cycles with fixed stress or strain amplitude (e.g. Pande 
and Zeinkewicz, 1980). However, with the application of loads in 
a dynamic manner, despite their importance in simulating earthquake 
loading situations, some difficulties may arise when the behaviour 
is intended to be interpreted in terms of work-hardening concepts. 
Furthermore, the selection of a number of cycles to produce 
liquifaction may be useful as an index test more than as a 
fundamental aspect of material behaviour (Wood, 1982). From this 
point of view, therefore, the application of cyclic loading in a 
statical manner, but using appropriate stress paths, may be more 
convenient. Only limited investigations following this scheme have 
been found, and those investigations have shown clear evidence that 
soils exhibit kinematic hardening behaviour.
The kinematic hardening response exhibited by soils can be related 
to the anisotropy induced in the soil fabric during the course of 
loading (Hardin, 1978), so that when one of the principal stresses 
increases, the particles are continuously rearranging themselves to 
produce a structure that is more resistant to stress in the 
direction of major principal stress. Therefore, when the 
orientation of the principal axes of stress are changed, quite 
large strains are required to erase the old, and develop a new
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anisotropic structure (Biarez, 1961), However, there exists 
another kind of anisotropy which can significantly alter the 
stress-strain characteristics in soils, which is due to the 
anisotropic structure of the soil particles inherited during natural 
deposition.
The influence of inherent anisotropy was investigated by Oda (1972), 
Arthur and Menzies (1972), El-Sohby and Andrawes (1973), Their 
observations showed that strains are lower in the direction of 
specimen deposition than in the direction perpendicular to it.
But, in general soils possess anisotropy with both inherent and 
induced components and in many situations it is difficult to 
separate them. By definition, while inherent anisotropy depends
on soil fabric, induced anisotropy occurs as a result of changes in 
the applied stress system or because of principal stress axes 
rotation. In fact, when soils are subjected to triaxial 
compression, then unloaded, and reloaded in triaxial extension, 
this type of stress reversal loading path involves a sudden rotation 
of principal stress axes by 90° which occurs at the instant of 
stress reversal.
2.4.7.1 Influence of Stress Reversal
The significant change in the stress-strain response of cohesionless 
soils caused by the process of reversing stress condition has been 
observed by Biarez (1961), Arthur (1971), Thurairajah (1973) and 
Cole (1967). These investigations show clear evidence that the 
Bauschinger effect observed in metals also exists in soils.
Similar behaviour was observed in cohesive soils by Le Lievre and 
Wang (1971).
Arthur (1971) reported results of conventional drained triaxial 
tests conducted by Arthur (1962). They consisted of two 
conventional drained extension tests on sand and one test where the 
sample had been pre-sheared in compression almost to failure before 
reducing the axial stress and performing the extension stage of the
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test. By comparing the results of the extension stage of all the 
three tests, as shown in Fig 2.21a it can be clearly seen that the 
pre-sheared sample contracted significantly before it began to 
dilate again, although the void ratio of the sample at the 
beginning of the extension stage was larger than that of the primary 
loaded loose sample. The stress ratio against axial strain is also 
shown in Fig 2.21b. There is a significant difference in the 
pre-failure axial strains to achieve the same stess ratio as 
produced by the pre-sheared sample (curve B) and the other extension 
tests (curve A).
The effect of the reversal of shear stress on the resulting 
stress-strain behaviour of sand is also demonstrated by the results 
of two tests conducted by Cole (1967) in the simple shear apparatus. 
He sheared one sample to a certain stress ratio then unloaded and 
reloaded it along the same direction. The resulting stress-strain 
curve was compared with a stress-strain curve obtained from 
identical sample reloaded in opposite direction. As a result Cole 
observed a remarkable difference in the stress-strain behaviour 
caused by the reversal of shearing direction.
Thurairajah (1973) investigated the deformation characteristics of 
fine sand when subjected to reversal of stresses from triaxial 
compression to triaxial extension and visa versa. He observed that 
the anisotropy induced in the sand during a triaxial compression 
test alters the stress-strain characteristics of the material when 
the stress system is changed to triaxial extension (Fig 2.22). He 
also showed that during drained tests the strength of the sand is 
unaffected by the stress reversal.
Further investigations were made in the triaxial apparatus by 
Tatsuoka and Ishihara (1974), Habib and Luong (1978) and more 
recently by Lade and Boonyachut (1982). Those investigations 
include several cycles of stress reversal loading.
Tatsuoka and Ishihara (1974) conducted a series of cyclic triaxial
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tests with varying amplitude on samples of a dense and loose sand 
which they subjected to stress reversal from compression to 
extension and vise-versa. From their drained cyclic triaxial 
compression-extension test on loose sample (shown in Fig 2.23), it 
can be seen that upon unloading from initial triaxial compression (C 
to D), the sample contracts considerably with the subsequent volume 
decrease in triaxial extension (D to E) being much greater than 
occurs when an identical sample'is subjected to triaxial extension 
without prior prestressing (A to B). Continued large amplitude 
cyclic stressing causes further plastic strains, though the 
magnitude decreases as the sample progressively becomes more dense.
Habib and Luong (1978) investigated the deformation behaviour of 
Fontainbleu sand under the action of cyclic deviatoric stresses. 
Twenty loading cycles of deviatoric stress (q = 0.2 MPa) were 
applied. Their results were in complete agreement with that of 
Tatsuoka and Ishihara (1974). • Further results were reported by
Luong (1980) who extended the investigations to include cyclic 
stress paths performed with constant mean normal stress p ' and other 
stress paths with constant (p’, q) ratio. The results show that 
cycling along different stress path does not change the general 
trend of volume change development as reported previously by Habib 
and Luong (1978) and Tatsuoka and Ishihara (1974). However,
Luong’s (1980) emphasis was on whether the characteristic state line 
obtained during monotonie loading (see Section 2.4.6.1) can be 
affected by the action of cyclic loading. His results proved that 
the characteristic line remains unchanged and separate two kind of 
deformation behaviour (contraction and dilation) even during cyclic 
loading.
Lade and Boonyachut (1982) studied the behaviour of loose sand in 
the triaxial apparatus during large stress reversals. Results from 
a drained triaxial test are shown in Fig 2.24, in which the 
specimen is first loaded in compression up to a certain stress level 
then unloaded and reloaded in extension. The results show that
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significant plastic yielding occurs before the hydrostatic state of 
stress has been reached. The authors considered this behaviour to 
be a result of the residual stresses left in the material from the 
initial loading and it would, therefore, be expected whenever a 
reversal in stress occurs. They also conducted tests which include 
more than one stress reversal cycle. The results of these tests 
were interpreted and presented in terms of plastic strain increments 
superimposed on the triaxial plane. By comparing the resulting 
plastic strain increment vectors with those predicted using Lade’s 
isotropic hardening model (Lade, 1977), they noticed that the 
isotropic model in its present form cannot accurately predict 
behaviour after large stress reversals.
It should be pointed out here that apart of the tests reported by 
Tatsuoka and Ishihara (1974) and Habib and Luong (1978), the 
majority of the investigations reviewed above are limited to tests 
with relatively large stress reversals in which samples have 
sometimes been loaded near to failure. It has also been concluded 
by Tatsuoka and Ishihara (1974), that the sand stress-strain 
response can not be influenced by the deviatoric stress previously 
applied in opposite direction if the amplitude of the previous 
stress is small and kept within some limit. Hence the sand sample 
under these conditions was considered by them to behave as a virgin 
sample. However, they have not deary identified the limit of 
this directional independency.
A very interesting observation was reported by Daramola (1978) in 
his investigation of the effect of Ko-overconsolidation on the 
deformation behaviour of Ham river sand. He noticed that when 
samples were Ko- overconsolidated to a certain vertical effective 
stress, they showed a stiffer response which related to the 
development of some form of structural bond during the process of 
over consolidation and this bond did not collapse until' the stress 
ratio during normal Ko-consolidation was exceeded. He also 
observed that if the similar samples were unloaded to a state of 
extension: after overconsolidation, the bond in this case collapsed
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before the stress ratio reached the value during normal 
Ko-consolidation (Fig 2.25), Therefore, results from these tests 
and from additional tests where samples were taken further into 
extension after over consolidation indicate very clearly that 
kinematic hardening behaviour is represented by the translation of 
the yield locus.
Tong (1975) extended his study of the yielding behaviour of 
cohesionless soils to general stress conditions by conducting two 
series of tests on a hollow cylinder apparatus. The loading in the 
first series corresponds to a conventional triaxial compression test 
(point A in Fig 2.26a). The samples were then loaded and reloaded 
along radial paths. In the second series the samples were first 
loaded in triaxial extension (point B in Fig 2.26b), unloaded and 
finally reloaded along radial paths. ' From these tests, Tong 
concluded that when a cohesionless soil is preloaded along a stress 
path, unloaded and reloaded along another stress path, the 
material is strain hardened, but if the major and minor principal 
stresses are interchanged in the succeeding stress path, the 
material instead of being strain hardened, is a strain softened 
material and yielding will start right from the beginning and a 
larger strain than that under the virgin loading conditions can be 
anticipated. Typical results are shown in Fig 2,26c.
Mould et al (1982) reported results of experiments conducted in 
dense Leighton Buzzard sand using a multiaxial cubical test cell. 
Identical specimens were initially subjected to either conventional 
triaxial extension or compression. If either of the samples were 
unloaded then reloaded under conditions where the previous and 
current material and loading axes coincided, they produced a 
response that was stiffer than the virgin stress response. On the 
other hand, reloading in a direction with 90°shift between current 
and previous loading axes directions, produced an apparantely 
softer behaviour than reloading in the same material axes direction 
(Fig 2.27). It was recognised by the authors that this type of 
behaviour is associated with kinematic plastic development.
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2.4.7.2 Influence of Principal Stress Rotation
With the advance of laboratory testing techniques such as the hollow 
cylinder apparatus (Symes, 1983) and the directional shear cell 
(e.g. Arthur et al, 1977), stress directions can be rotated to 
values between 0°and 90°or continuously during shear. The effects 
of principal stress rotation during undrained shear of sand have 
been extensively investigated by Arthur et al (1980). Samples of 
Leighton Buzzard sand were initially loaded to a given stress ratio 
(cfi'/CTs = 6), unloaded and then reloaded to the same stress ratio 
after the principal stress directions were rotated. It was found 
by them that, the stress-strain curves for the reloading segments 
show dramatic changes in the reloading-shear stiffness, when 
principal stress rotations occur. Similar results were reported by 
Mould (1983), Mould et al (1985) who used a subsectional technique 
to achieve principal stress rotation between 0°to 90°.
Typical results obtained by Mould et al (1985) on dense Leighton 
Buzzard sand are shown in Fig 2.28.The results show clearly that the 
principal stress direction rotation alter significantly the 
consequent stress-strain behaviour for sand. It can also be seen 
from Fig 2.28b that the volumetric strain tend to be more 
contractive as the angle of rotation increase. Their observations 
show that the resultant volumetric strain after reloading with 90° 
rotation in dense sand can be more compliant than virgin loading of 
loose sand.
The hollow cylinder apparatus was used by Ishihara and Towhata 
(1983) and Symes et al (1984) in order to study the influence of 
principal stress rotation on the undrained behaviour of cohesionless 
soils. Both results show that positive pore pressures are 
generated by the rotation of the principal stress direction at the 
constant shear stresses. Furthermore, during cyclic rotation, 
failure can be reached as a result of the accumulative increase of 
pore water pressures.
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2.4.8 PLASTIC FLOW AND PLASTIC POTENTIAL
If yielding is occurring, a flow rule is required to give the 
relation between the components of the plastic strain increments in 
terms of the stresses.
In using plasticity,
it has often been assumed that the plastic strain increment
vector should be normal to the yield surface. This requirement is 
called the "Normality Rule", Many flow rules developed for 
predicting soils behaviour have been based on this assumption 
(Drucker et al, 1957 and Schofield and Wroth, 1968).
On the other hand, many investigators have presented evidence that 
the normality rule does not necessarily hold for soils (Pooroushasb 
et al, 1967; Barden and Khayatt, 1966; Cole, 1967; Frydman et 
al, 1973). This evidence of the lack of normality has led to the 
development of the concept of a non-associated flow rule (see 
Section 1.3.4.2), since the use of the associated flow rule was 
found to predict behaviour manifestly different from observations 
and to give excessive dilation (Zienkiewicz et al, 1975).
Davis (1968) has also discussed the different forms of plasticity 
theory with or without an associated flow rule and proposed a 
variation of the flow rule to permit the volume change at yield in 
the model to be selected to fit measured soil behaviour of volume 
increase, constant volume and volume decrease.
Poorooshasb et al (1966, 1967) reported tests on Ottawa sand where
the plastic strain increment vectors obtained along constant stress 
ratio paths had a constant slope. They constructed a family of 
plastic potentials for a constant void ratio . They also performed 
triaxial compression tests in which several different stress paths 
all passed through one particular point. The plastic strain 
increment vectors were found to be approximately the same for all 
stress paths, showing that all directions of the plastic strain
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increment vectors were uniquely related to the state of stress and 
were independent of the direction of stress path.
Arnold and Mitchell (1973) reported results of plastic increment 
vectors obtained from a series of tests conducted on the hollow 
cylinder apparatus. Although they treated total deformations as 
plastic deformations, they suggested a family of bullet-shaped 
plastic potentials that look to be similar to that reported by 
Poorooshasb et al (1966). Other results reported by Goldscheider 
and Gudehus (1973) and Lade and Duncan (1976) were also in support 
with Poorooshasb et al's (1966) findings.
However, stress probe experimental results reported by Tatsuoka and 
Ishihara (1974) indicate that the plastic strain increment vector 
depends to certain extent on the stress increment directions. 
Similar findings have been reported by Lewin and Burland (1970) from 
tests on remoulded, saturated powdered slate dust and by Le Lievre 
(1973) from tests on kaolin. More recent work by Ruwaih (1982) on 
cohesionless soils indicates that for granular materials, the 
plastic strain increment vectors along various stress paths rotate 
as the stress level increases. This implies that the plastic 
potentials are not as suggested by Poorooshasb et al (1966), i.e. 
expanding symmetrically as the stress level increases. Ruwaih 
(1982) also noticed that the direction of the plastic strain 
increment vectors depends on the direction of the stress increment.
The stress-dilatancy relationship (Rowe, 1962) on the other hand, 
has been suggested by many investigators as a suitable flow rule for 
sands (Barden and Khayatt, 1966; Frydman et al, 1973). Cole 
(1967) examined various flow rules and found only the 
stress-dilatancy flow rule was in complete agreement with his 
experimental results obtained from drained tests on Leighton Buzzard 
sand tested in the simple shear apparatus.
It can therefore be stated that even though most of the
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investigations on the nature of the plastic potential in 
cohesionless soils have found that normality is not appliciable, 
there is still a lack of knowledge as to whether the plastic strain 
increment vector depends on stress increment.
For cohesionless soils, the shape of the plastic potential surfaces 
resulting from more complex stress paths in either 3-dimensional 
stress space (Wood, 1973), or in triaxial stress space (Lewin,
1973) has not received as much attention as the case for cohesive 
material. Lewin (1973) for example, observed that the plastic 
potentials constructed for isotropically consolidated saturated 
powdered slate dust are of elliptical shape and this shape is 
considerably altered when samples were anisotropically consolidated 
under a constant value of stress ratio and subsequently subjected to 
a deviation in stress path which causes a change in stress ratio to 
a new value. The results of Lewin (1973) indicated
that the plastic potential is exhibiting some form of kinematic 
behaviour because it appears to translate with the state of stress. 
Similarly Hardin (1978) suggested that after stress reversal 
loading, the plastic potential surface can be considered to rotate 
in a kinematic manner with the yield surface. Lade and Boonyachut 
(1982) investigated the change in the direction of the plastic 
strain increment vectors due to simple stress reversal paths. When 
the isotropic model proposed by Lade (1977) was used to predict such 
plastic strain increment vectors, no agreement between the model 
predictions and experimental results was obtained until the yield 
surface and plastic potential surface was made according to a 
suggested hypothesis by Lade andBoonyachut (1982) which involved a 
combination of both isotropic and kinematic work-hardening concepts.
It is important, however, to point out the difficulties of 
experimentally evaluating plastic strain increment vectors due to;
i)the method used for isolating the elastic strains from the total 
measured deformations, 
ii)the accuracy tolerated during deformation measurement in the
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laboratory (Atkinson and Richardson, 1985).
These two difficulties may lead to different predictions of the 
plastic strain increments among the various investigators,
2.4.9 MODELLING ISOTROPIC AND KINEMATIC HARDENING BEHAVIOUR
During the past two decades, a considerable number of attempts have 
been made to model soil behaviour. Perhaps the most widely known 
is the work carried out at Cambridge University which led to the 
development of the critical state model (Schofield and Wroth,
1968). Work at Manchester University has led to the development of 
the stress dilatancy theory.
The Cam-Clay model is one of the models based on the critical state 
concept. The model is based on isotropic elasto plastic 
work-hardening plasticity principles. By combining stress-strain 
and volume change aspects (p, q, y )  in a relatively simple 
fashion, a state boundary surface can be established below which 
the soil is considered to behave elastically. Plastic strains 
occur only from stress paths ..lying on the surface (see Section 
2.4.6.1), The model has been shown to predict, with reasonable 
accuracy, undrained stress, paths and both volumetric and shear 
deformation with drained loading for normally consolidated and 
lightly overconsolidated cohesive soils. The critical state 
concept has not been successfully applied to heavily 
over-consolidated clays or cohesionless materials.
Rowe (1962) developed his stress-dilatancy theory from studies of 
the interaction between spherical particles, based on consideration 
regarding the energy input and output in an assemblage of such 
particles. Relations between strain increment ratio and stress 
ratio were expressed for the condition of triaxial compression, 
plain strain and triaxial extension. The theory does not consider 
elastic strains and is therefore most accurate at high stress levels 
where slip strains dominate. With the use of several plasticity
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concepts the stress dilatancy relations were successfully employed 
as a flow-rule for predicting plastic strains in cohesionless soils 
(Barden et al, 1969).
Although both the critical state and the stress-dilatancy concepts 
suffer from the lack of generality (i.e. they can only model 
certain soil types and loading conditions), because they have been 
based on extensive experimental observations, they provide a 
valuable insight and better understanding of the stress-strain 
behaviour of soils.
Based on the results of cubical triaxial tests on sand. Lade and 
Duncan (1975) proposed a three dimensional elasto-plastic 
stress-strain model for granular materials. The analytical 
description of the model is based on conventional work-hardening 
incremental plasticity. The yield criteria depends on the ratio 
between the first and the third stress invariants (f = / I 3 ) .  It
includes a non-associated flow rule, and a semi-empirically 
developed isotropic work-hardening law. The model has been 
subjected to several stages of development; the most recent version 
(Lade, 1977) includes a curved yield function and a spherical yield 
cap introduced to account for the plastic strains resulting from 
isotropic compression loading (collapse strain). Lade’s model 
describes quite well many important aspects of cohesionless soil 
behaviour encountered in laboratory investigations, such as stress 
path dependency, shear dilatancy, influence of mean effective 
stress level. Being based on isotropic work-hardening theory, it 
cannot adequately model situations when stress reversals or large 
changes in the stress path under loading or unloading take place. 
Such loading situations require the introduction of kinematic 
hardening concepts. This, in fact, has until recently been 
ignored by many researchers in the field of modelling soil 
behaviour. Prévost (1978) adopted the concept of a field of 
plastic hardening moduli represented by nesting yield surfaces 
(Mroz, 1967) to the modelling of the undrained behaviour of clay. 
Prévost (1981) introduced drained or pressure sensitive soil
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behaviour into the model. Further calibrations and verifications 
of the model were made by Sture et al (1982) in order to describe 
the anisotropic behaviour of sands.
Mroz et al (1981) combined the anisotropic hardening concept of Mroz 
(1967) with the critical state model to describe the response of 
undrained clay under cyclic loading conditions. Ghabousi and Momen
(1981) used a combined kinematic and isotropic hardening law to 
model the cyclic behaviour of sand in which the current yield 
surface was defined by a right circular cone with its apex at the 
origin of principal stress space. The isotropic part of the 
hardening law was associated with an expansion of the cone and 
induced anisotropy was accounted for by the rigid rotation of the 
cone about its apex thereby providing the kinematic part. However, 
those models were developed with the use of theoretical formulations 
based on plasticity theory principles (considering soil as a 
continuum) and they were then calibrated against experimental data.
At the International Workshop on Constitutive Relations for Soils 
held in Grenoble (1982) some of the advantages and limitations of 
various models were discussed and many of the aspects of soils 
behaviour were represented quite satisfactorily but in general, 
none of these constitutive models were fully able to predict 
properly the stress-strain behaviour of soils with all its 
complexities. However, as has been stated by Pietruszezak and 
Poorooshasb (1985), a successful constitutive concept would be one 
which is mathematically consistant and capable of appropriate 
simulation of the several fundamental aspects of soil response which 
have already been recognised (at least qualitatively) through 
laboratory investigations on real soils tested in the laboratory.
An approach based on particulate mechanics was used by Thornton,
(1982) who proposed a new plasticity model which incorporated 
kinematic and isotropic hardening laws. The theory was based on 
the mechanics of body-centred orthorhombic arrays of spheres and was
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developed from the initial considerations of the force-displacement 
relationship at the interparticle contacts. Although, the model 
sounds very attractive, no comparison with experimental 
investigations on real soil have been reported.
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(Drucker et al, 1957)
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Fig. 2.25 Stress-strain curve for Ko-overconsolidation 
sample (Daramola, 1978)
71
H18
o.a
TosI H 18
n 0.4
Conventional
Compression
Loading
0.2 0.4 0.6
G enerah/od S tfa in . f , %
0.8
Fig. 2.26 Cyclic hollow cylinder tests (Tong, 1975)
72
1p i
0 0.01 0.02
Fig, 2.27 Effect of reloading with jump in the major 
principal stress direction (Mould et al, 1982)
9
-, 100
Oi
.0?
01
.01
Fig. 2.28 Influence of principal stress rotation on the 
response of dense sand (Mould et al, 1985)
73
3.0 THE DEVELOPMENT OF THE AUTOMATED STRESS PATH SYSTEM
3.1 INTRODUCTION
The triaxial apparatus is considered to be the most widely used 
testing device in geotechnical laboratories. This is because the 
device has a simple design and cylindrical samples are easy to 
prepare or extract from the ground. However, it is difficult to 
use the triaxial device to carry out stress path tests which involve 
non-standard conventional triaxial compression or extension tests. 
This difficulty arises because performing such complex stress paths 
requires accurate and rapid control of the applied stresses in order 
to follow closely the desired stress path. In addition, computer 
control is required because complex stress paths may require long 
test periods which may be beyond the capability of the operator. 
Advances in the development of microcomputers, electronic 
instrumentation and control systems opened the door for the 
possibility of fully automated control of complex stress path tests 
in the triaxial apparatus with high accuracy.
An automated stress path system has been developed to serve the 
following requirements;
(a) to enable the execution of any stress path theoretically 
possible in the triaxial cell;
(b) to follow the prescribed stress path as closely as possible 
and to achieve reasonable accuracy for the measured data;
(c) to be simple to use, and flexible to accommodate the variety 
of options required to execute the testing programme suggested 
for the present research.
3.2 SYSTEM EQUIPMENT
The system consists of four major parts, the microcomputer, the 
pressure controllers, the signal conditioning unit and the loading 
system. The data from the test is measured by means of transducers
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monitoring axial load, cell pressure, back pressure, axial and 
lateral deformations and volume change. The system also contains 
several peripheral devices interfaced to the computer, including a 
disc drive for storing data and loading programs, a printer for 
obtaining hard copies of the data, and a plotter to obtain 
graphical output from the processed data, A general view of the 
system can be seen in Fig 3.1 and is also schematically illustrated 
in Fig 3.2.
3.2.1 THE MICROCOMPUTER
The microcomputer is the central controller for the whole system.
Its basic function is to receive and store initial test information 
as assigned by the operator, receive digital output from 
transducers, do the necessary calculations to convert these to 
engineering units; command the pressure controllers to supply the 
required loading pressures, print, plot and store data at the end 
of each complete feed-back loop, and finally perform other 
functions such as processing the data at the end of each test,
A Hewlett-Packard 8 6 B Microcomputer is used in this system with 
approximately 124K usable bytes of memory and a 9" monitor and 
keyboard. Through an IEEE-488 interface, the computer is linked 
to the mass storage unit which consists of two disc drives, and to 
the signal conditioning unit, printer and plotter. The pressure 
controllers are linked via a GPIO interface,
3.2.2 THE PRESSURE CONTROLLERS
Each pressure controller consists of a small stepper motor operating 
through a reduction gear box and a flexible coupling to provide the 
required mechanical rotations in order to drive a John Watson Smith 
Manostat air pressure regulator. Making the motor step in either 
direction causes the air pressure to increase or decrease. The 
stepper motors were obtained from McLennan Servo Supplies Ltd. The
motors produce a rotation of 7.5 degrees at full step. They
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require a 12 volts DC power supply to operate and therefore a 
special voltage converter box was built for this purpose. The 
controllers are interfaced to the computer through an HP 8294A 
"General Purpose Input and Output" interface (GPIO). This 
interface provides eight different hardware configurations for four 
eight bit ports, all of which may be selected by program 
statements. Only one output 8  bit port has been employed in this 
system. Each stepper motor is connected to a pair of data lines, 
one to control the direction and one is used for the stepping 
process. Three pressure controllers were used, each to control 
one pressure unit, namely back pressure, cell pressure and axial 
pressure. The remaining pair of lines (bits) were connected to two 
solenoid valves which control the direction of the applied axial 
pressure. The method of controlling and programming the port is 
briefly described in Appendix A . Each step by the motor was found 
to cause a change of pressure of approximately 0.07 kPa. This is 
considered the minimum pressure increment which can be applied.
The relationship between the number of steps and the applied 
pressure is shown in Fig 3.3. This relationship can be considered 
linear up to a pressure of 500 kPa, above which a slight diversion 
appears with further increase in pressure. The time taken by the 
controller to perform one single step is approximately 0 . 1  seconds. 
Thus, an application of 100 kPa cell pressure, for example, may 
take approximately 2.25 minutes. This type of step/stop motor was 
found very convenient for controlling a very fine pressure 
application without severe overshooting. They also have an 
advantage over continuously rotating motors in the sense that they 
do not require an adjustment of speed as the pressure application 
proceeds (Atkinson et al, 1985).
3.2.3 THE SIGNAL CONDITIONING UNIT
The signal conditioning unit receives the output analogue signals 
from various measurement devices, amplifies and converts them to 
digital form, and then passes this information to the computer.
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The unit incorporated within the system is a strain gauge amplifier 
system (SGA 1100) supplied by GIL Electronics Ltd. It consists of 
a 19" rack accommodating up to 13 amplifier modules and one power 
supply module. The unit is connected to the computer through an 
IEEE-488 interface bus. It is a signed 12 bit instrument (i.e. 
only + 4096 bits digital output can be obtained). Each logged 
device was calibrated within this range, A total of eight channels 
are used to monitor the signals from the eight transducers within 
the system; two pressure transducers to detect the back and cell 
pressures, an internal load cell to monitor the axial load, three 
local strain measurement devices, an external displacement 
transducer to measure the overall displacement of the sample and the 
volume change device (see Fig 3.2).
Each of these devices was energised with 10 volts DC. The use of 
the input/output programming ROM made it possible to program the 
computer so that it could select any desired channel and read the 
data from the corresponding device. A listing of the basic 
algorithm written to sample data from various devices can be found 
in Appendix A,
3.2.4 THE LOADING SYSTEM
The loading system consists of a loading frame, an air actuater and 
a triaxial cell. The loading frame is simply an ordinary two-post 
frame with adjustable cross bar and a flat plate base, used to 
provide reaction for vertical load application and to accommodate 
the 100mm triaxial cell. The actuater is a double acting Bellofram 
diaphragm air cylinder, 9" square effective area, 10 bar (1000 
kPa) maximum pressure capacity and a 3.1" stroke. It is used in
the system to apply deviatoric stress. The two chambers behind the 
upper and lower Belloframs are filled with pressurized air and each 
of them is connected to one of the solenoid valves, which is in 
turn connected to the axial pressure controller (see Fig 3.2). 
Therefore, when the controlled air pressure is applied to the top 
chamber, the piston will move downward and apply compressive force.
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If it were applied to the bottom chamber, extension force would 
result. However, by controlling the opening and closing of the 
two valves both compression and extension stress controlled tests 
can be performed.
The use of the actuater provides a very reliable way of stress 
control testing with low friction and extremely sensitive response 
to small pressure variations. One problem with the actuator is the 
inside piston self weight which was found to impose a small force of 
about 9 Newtons to the top of the sample. This was overcome by 
placing two valves, each across one of the air tubes feeding the 
top and bottom chambers (see Fig 3.2) , in order to adjust the air 
pressure and compensate for the extra self weight of the piston by 
applying a slightly greater pressure at the bottom chamber than at 
the top chamber. To ensure that the initial forces were balanced, 
zero readings were taken on the load cell in both cases, when 
either the top or bottom solonoid valves were turned on.
During extension tests it is necessary to apply an upward force on 
the top cap which is transmitted to the sample. Measurement of 
this load required the load cell to be screwed to the top cap. A 
rigid connection between the top cap and the load cell may cause 
problems when the top cap of the sample is not squarely on, when 
the load might be transmitted eccentrically to the sample. The top 
cap arrangement suggested by Bishop and Henkel (1962) was found most 
suitable and therefore implemented. The design features of the cap 
are shown in Fig 3.4. The problem with this type of arrangement is 
the backlash that takes place when crossing from compression to 
extension and vice versa, due to the small gap between the ball and 
surrounding metal part of the cap which should be allowed for, in 
order to provide free movement of the ball. This backlash problem 
is not considered very significant when measurement of deformation 
Is made locally on the sample.
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3.3 SYSTEM INSTRUMENTATION AND MEASURING DEVICES
3.3.1 LOAD CELL
The deviator stress was measured by a load cell screwed from one 
end to the top cap of the soil sample and from the other end to the 
ram which was attached outside the cell to the air actuater. The
load cell used was manufactured by MIL to the specification of the 
University of Surrey commissioned by Dr C.R.I. Clayton and Mr 
M.C. Matthews. This load cell is now supplied by Wykeham 
Farrance. It has a 5000 N capacity. When it was calibrated with 
the use of a Budenberg dead load tester, it showed excellent 
linearity with negligible hysteresis (.075 %) during unloading from 
a maximum calibrating load of 4000 N. Fig 3.5 shows a typical 
calibration for the load cell. In addition no initial slack due 
to the loose fitting of the inside plate v/as observed and the 
amount of deformation at full load was less than 0.1mm. This is 
considered small in comparison with other types of load cell such 
as that designed by Imperial College which deflects by about 1,5mm 
at full load.
A calibration of the load cell against increase in cell pressure 
was carried out by increasing the cell pressure while the load cell 
was held suspended in water. A negative load of -17 N was 
recorded by the cell corresponding to an increase in cell pressure 
of 800 kPa (-2.1 N/lOO kPa). This is not very significant and may 
be related to the unequal distribution of pressures inside the cell 
or improper de-airing. When a similar calibration was carried out 
while the load cell was connected to a 1 0 0 mm soil sample, an 
approximately linear relationship between the increase in cell 
pressure and the developed negative force was obtained as shown in 
Fig 3.6 , During unloading, large hysteresis was observed. A 
change in cell pressure of 100 kPa developed a tension force of 
approximately 35 N which was transmitted to the sample. This is 
because the cell pressure is not fully applied over the whole area 
of the top of the sample.
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3.3.2 PRESSURE TRANSDUCERS
The measurement of cell and pore (back) pressure was achieved by 
means of Druck PDCRIO pressure transducers with an operating range 
of 0 - 1000 kPa. They were calibrated using the Budenberg dead 
load tester for this operating range. The gain was adjusted so 
that 4000 bits would be equivalent to 1000 kPa (a conversion factor 
of 0.25 kPa/bit). Typical calibrations for both cell and back 
pressure transducers are shown in Fig 3.7 a and b respectively.
The transducers show excellent linearity and negligible hysteresis 
(0 .2 %) during unloading from full load.
3.3.3 EXTERNAL DEFORMATION MEASUREMENT
Overall deformation for the sample was measured by means of linear 
strain conversion displacement transducer (LSCDT) manufactured by 
MPE Transducers Ltd. The transducer has a linear range of 26mm.
It was calibrated with the use of a micrometer over a travel range 
of 20mm. A typical calibration is shown in Fig 3.8. It gave a 
minimum resolution of 5 x 10^ mm and a calibration factor of 5 x 10^ 
mm/bit. Although the transducer could be calibrated using less 
travel range in order to improve the resolution it was felt that 
this was not necessary since two other axial deformation 
measurements would be made locally (see following chapter).
3.3.4 LOCAL DEFORMATION MEASUREMENT
Due to the importance of deformation measurement during this type 
of research, it was decided to employ an alternative method to the 
conventional techniques, where the axial deformations are 
monitored outside the triaxial cell and lateral deformations are 
deduced from external volume measurement. These conventional 
measurement methods are subject to many boundary errors.
Therefore it was decided to employ a new technique based on the 
Hall Effect principal for m e a s u r i n g  strains locally on soil 
specimens. The full description of the development stages,
design and gauge characteristics can be found in the following
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Chapter.
3,3.5 VOLUME CHANGE MEASUREMENT
All volume change measurements were obtained from the local strain 
measuring devices (see following chapter). In addition, it was 
decided to incorporate an external volume gauge into the system as 
a reference check to the performance of the local gauges. It was 
decided to calibrate three available volume change measurement 
devices in order to choose the best of them to be used in the 
system. The first two devices were available commercially, 
namely the Imperial College volume gauge (IC) and Menzies volume 
device (MENZ) available from Wykeham Farrance (Menzies, 1975).
The third was designed by Dr C.R.I. Clayton and Mr M.C.
Matthews and is still under development (UOS). All the three 
devices included some sort of electrical displacement transducer; 
they are an MPE type displacement transducer (LSCDT), Sangamo type 
submersible transducer (SDF15) and a Schaevitz type submersible 
transducer respectively. The devices were calibrated against 
Geotechnical Digital Systems Ltd (GDS) pressure controllers, which 
were able to apply volume change increments as low as 0.5mnf . The 
aim was to assess the performance of each device by investigating 
linearity and hysteresis during reversing cycles and the effect of 
back pressure changes. The calibration arrangement is illustrated 
in Fig 3.9. A special computer program was written by the author 
on an HP 85 microcomputer in order automatically to perform the 
calibration tests (see Appendix B ).
Before commencing calibration, the back pressure was increased to 
a maximum value of 1000 kPa and the gauge was operated for a few 
times over the selected calibration range of 80cc to ensure the 
proper working condition of the gauge. Each gauge was then 
calibrated under three different back pressures of 100, 300 and
800 kPa which was kept constant over the range of 80cc. Each test 
consisted of three cycles each over a volume range equal to half
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the previous one (i.e. 80, 40, 20cc). The data was analysed
by the least squares method. Typical calibrations for the three 
devices under back pressure of 300 kPa are shown in Figs 3.10 and 
3.11. Similar calibrations were obtained from tests performed 
under back pressures of 100 and 800 kPa and the results of all 
tests are summarized in Table 3.1. It can be seen that the IC 
volume gauge shows better linearity than the other gauges. This
is due to the characteristic of the displacement transducer 
employed (see also Section 3.3.3). The linearity of all gauges is 
not affected by the level of back pressure. The average 
hysteresis is calculated during the subsequent second and third 
cycles in order to avoid the initial volume error which appeared in 
the first cycle. The results show that the hysteresis calculated 
in the case of the IC gauge is of the order of twice that 
calculated in case of the MENZ volume gauge. Furthermore, the 
size of the hysteresis is reduced with the increase of back 
pressure. The maximum hysteresis recorded during calibration of 
the IC volume gauge is 0.22%.
Before proceeding to discuss the characteristic of the gauges under 
changing back pressure, and the associated volume error, the 
possible source of volume errors during an increase of back 
pressure are first discussed. These are shown in Fig 3.12,
Errors E2 and E3 commonly exist during the calibration of all 
volume gauges and in order to isolate those two errors the first 
reading has been subtracted from every subsequent reading. This
is also because practically during drained tests the initial (zero)
readings are usually recorded after setting the J^ack pressure up. 
Only error El remains to be considered which is due to the volume 
gauge, while it is operating. It may also include the 
compressibility of the air trapped inside the volume gauge. The 
initial volume error presented in Table 3.1 is assumed to represent 
the error El and calculated as the maximum deviation of the initial 
data point from the best fit line. The results presented in Table
3.1 show that with both the MENZ and UOS gauges, the initial error 
is reduced with an increase in back pressure which indicates that
82
they work better at higher back pressures. In contrast the IC 
gauge shows a marked increase in the initial error with higher back 
pressures. However, it was observed that this error tended to 
disappear after the completion of the first cycle. This means 
that for the IC gauge ,the cause of the error is due to the 
bellofram deformation during rolling. Therefore, when it has 
been rolled forward and backwards once, this error will disappear 
in any subsequent volume application.
This was further investigated by performing a special test which 
consisted of six cycles, the first two performed under a pressure 
of 100 kPa, the second two after the pressure was increased to 300 
kPa and the last two after the pressure was increased to 800 kPa. 
The regression analyses made for this test are shown in Fig 3.13 
where only data from the second cycle after each increase of back 
pressure are plotted. The results proved that after rolling the 
bellofram in the first cycle no significant volume loss resulted 
unless the back pressure changed to a different value.
However, it can be concluded that the IC volume gauge is showing 
better response concerning linearity than the other two gauges, 
the hysteresis does not seem to be significantly large in both the 
IC and MENZ gauges. Both MENZ and UOS gauges show better response 
against the effect of back pressure. Hence, at low back pressure 
levels the initial error seems to be comparable and provided that 
the back pressure is well maintained during the test, the IC gauge 
can operate comparably well under low back pressures. For the 
above reasons, and since it was decided to use low back pressures 
throughout all testing programmes (80 kPa), the IC gauge was 
chosen to be incorporated into the system. A special calibration 
inside the system for the IC gauge using only one GDS controller 
and data obtained using the signal conditioning unit through the HP 
8 6  microcomputer display was made. Both calibration arrangements 
and the special computer program written to perform such a 
calibration can be found in Appendix B.  The calibration data is 
shown in Fig 3.14. The calibration factor was found to be 27.3
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mm^ /bit.
3.4 THE SOFTWARE
3.4.1 GENERAL
The computer program was written in BASIC. Additional special 
commands provided by the HP-input/output ROM were also used to 
communicate with various peripheral devices. The program was 
constructed as a series of block sub-programs, each serving a 
particular function; hence it is sufficiently versatile to provide 
a wide range of possible operations. It has been developed in an 
interactive way to allow a dialogue to take place between the 
computer and the user via a video display. All information and 
data will then appear on the screen so that the user has a choice 
of either keeping or correcting them. The general flow chart 
showing the layout of the program is illustrated in Fig 3.15. The 
developed program includes the following features;
(a) performance of stress controlled drained simple and complex 
stress paths in triaxial stress space.
(b) control of the rate of testing for each stress path segment 
as desired by the user. The maximum rate of testing is not 
greater than 350 kPa/hour. However, faster rates can be 
achieved by reducing the number of operations such as 
plotting and printing between each successive pressure 
increment.
(c) performance of stress controlled drained conventional 
triaxial compression and triaxial extension tests as a 
special stress path test by maintaining constant cell 
pressure.
(d) performance of Ko-consolidation and Ko-swelling tests 
including a number of cycles along Ko-path. This can be 
followed by one or a number of drained stress paths in 
compression or extension.
(e) provision for performing controlled rate unconsolidated
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undrained tests,
(f) reporting of test specimens status at intervals of 15 
seconds; current stress and strains are displayed on the 
screen and stress path and stress-strain curves are also 
plotted on the graphics display (see Fig 3.17) as the test 
proceeds. Furthermore, the test data are tabulated and 
printed by the printer and also stored for later use.
(g) included safety features, so that none of the transducers 
may exceed their maximum operating range. Error diagnosis 
is also provided at some stages of the program. For 
example, it is not possible to specify initial effective 
pressures of less than 5 kPa (this is introduced to prevent 
specimens from failing).
3.4.2 STRESS PATH CONTROL PROGRAM
In order to perform a stress path test, axial and cell pressures 
must be applied simultaneously and a constant ratio must be 
maintained between them. For such a stress path to be performed in 
this system the user has to enter sets of coordinates from the 
keyboard for all required stress paths. The computer does all the 
necessary calculations to determine the incremental stress ratio 
K(cJv/(Jh), define the stress path direction and other necessary 
processes. The method of application of stresses is, controlled by 
having one stress component in control and adjusting the other to 
maintain the stress path. The controlling stress component is 
chosen by the computer depending on which of the two has the greater 
change. For example, if the axial stress change was at a greater 
rate than the lateral stress ( (Jv >• dh), then the stress path is 
obtained by applying a small increment of deviator stress and the 
required adjustment for the cell pressures to maintain the stress 
path is calculated from the following equation;
dh =CA)/(K - 1)   3.1
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The current value of dfi is checked and if it does not satisfy the 
above equation, the computer will instruct the cell pressure 
controller either to increase or to decrease the cell pressure until 
the current stress value approaches the calculated value withintO.5 
kPa. Another increment of the controlling stress will then be 
applied, and so on until the maximum desired coordinate value is 
reached. A sequence of priorities is normally followed- between
each two successive stress applications; this includes checking the 
pore pressure and the rate of testing. Fig 3.16 illustrates the 
procedure followed by the stress path control sub-program. In 
order to simulate closely the designed stress path and to avoid 
overshooting, the increments of the applied stresses were made very 
small (approximately 0.14 kPa). By achieving this any desired 
stress path in the triaxial stress space can be followed to within 
+ 1 kPa.
The desired rate of testing should be prespecified by the user on 
input for each stress path. The minimum stress application per 
single step, as obtained from the pressure controllers calibrations 
shown in Fig 3,3, is 0.07 kPa, This will be less in the case of 
deviator stress application depending on the ratio between the area 
of the actuator and the area of the sample, (found to be 0.73). 
Hence, the minimum deviator stress application per single step 
becomes 0.051^^' Therefore, the time required to complete one 
successive pressure increment in order to maintain the total rate of 
testing is controlled by the following equation:
A T  = (NS X PF X 3600)/R  3.2
where
NS = number of steps in a minimum applied increment of pressure 
R = required rate of testing
PF = minimum pressure per single step
If the desired rate of testing is below the fastest rate, no 
consequent pressure increment is applied until the increment of 
time. A t calculated by the above expression is lapsed.
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The desired rate of testing was achieved to within + 5% during 
stress paths involving only change in either deviator stress (e.g. 
direct compression) or cell pressure (e.g. isotropic
consolidation). However, this figure might change to + 15% in 
cases of stress paths involving simultaneous changes in both stress 
components.
As has been discussed in Section 3.2,4, during the increase of cell 
pressure a small negative force is developed. Therefore, the 
resulting stress path will not be following the isotropic axis 
unless an équivalant pressure is applied to the top chamber of the 
actuator in order to maintain zero deviator stress during increase 
of cell pressure only. When crossing the isotropic one of the two 
valves supplying the actuator with pressure is shut and the other is 
open at the same time and the applied pressure is transferred from 
one side to the other. This process is normally only allowed to 
occur when the deviator stress is zero and therefore when the 
pressures on the two sides of the actuator are equal, so that 
turning pressures from one side to another will not cause any change 
in deviator stress. However, this was found not to be the case, 
since a small difference in pressure between the two sides of the 
actuator does exist to compensate for the development of tension' 
force during an increase in cell pressure. Crossing therefore, 
should be allowed at a negative deviator stress equal to twice the 
pressure equivalent to the developed negative force which is 
calculated from the calibration data shown in Fig 3.6 .
Accordingly, this correction was made in the program and 
consequently the jump in deviator stress during crossing was 
significantly reduced to less than 2 kPa.
3.4.3 Ko TESTING SUB-PROGRAM
Ko-consolidation is used to simulate the consolidation of natural 
strata under their own weight, which occurs under conditions of no 
lateral deformation.
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The software to control the Ko-test was written as a separate 
subroutine which makes use of the other control subprograms included 
in the general program. The information required for the Ko-test 
is entered at the start of the program execution in the same way as 
for a stress path test.
The test is controlled by the Hall Effect lateral deformation 
caliper (see following chapter). The caliper senses any change in 
specimen diameter upon the application of deviator stress. An 
initial reading of the caliper is recorded by the computer at the 
start of test execution. This reading is taken as a reference for 
any subsequent change in specimen diameter. The change in specimen 
diameter can be sensed to an accuracy within 0.6/xm. The sequence 
of the test procedure is illustrated in a flowchart in Fig 3.18. 
After the application of a small increment of deviator stress, the 
caliper senses any change in lateral deformation, and the computer 
then gives instructions to apply increments of lateral pressure 
until the caliper returns to its original referenced reading, 
before another increment of deviator stress can be applied. This 
procedure is continued until the maximum vertical effective stress 
specified by the user is reached. Typical results from a 
Ko-consolidation and swelling test on three samples with different 
initial void ratios are shown in Fig 3.19.
It can be seen that obtaining a realistic coefficient of earth 
pressure at rest for sand in the conventional triaxial apparatus is 
shown to be possible by using a sensor placed in the middle of the 
sample. However, there are some problems which might exist, 
affecting the measured value of Ko such as those reported by Sutton 
(1979) involving local deformation and slippage around the caliper 
pads. Those two problems have been avoided during the present work 
by using larger caliper pads and sticking them to the sample with a 
thin layer of liquid adhesive. Nevertheless, it was found that in 
case of testing dense specimens, which after being subjected to a 
small increment of vertical load, do not exhibit enough deformation
to be resolved by the caliper, may result a jagged Ko path.
Although it was possible to improve the minimum resolution for the 
caliper, because it is mainly required to be used for measuring 
lateral deformations during stress path tests, the range was kept 
unchanged. Furthermore, it was found that this problem is not 
very significant in the case of medium dense sand as used throughout 
the present work.
3.4.4 DATA PROCESSING PROGRAM
At the end of each test seven columns of data are saved on disc.
They are the radial and axial stresses, external axial strains, 
volumetric strains, local lateral deformations and two local axial
deformations. A separate program was written so that this data
could be processed, analysed and plotted. Any of the following 
parameters can be plotted against each other, selecting either as 
the ordinate or absisca.
1 Radial effective stress
2 Axial effective stress
3 Axial strain (%)
4 Volumetric strain (%)
5 Local radial strain (%)
6  Local axial strain A (%)
7 Local axial strain B (%)
8  deviator stress (q)
9 Average . Local axial strain (%)
10 Mean normal effective stress (p')
11 Stress ratio (C’a/Or)
12 Shear strain (%)
13 Stress ratio (q/p')
14 Local volumetric strain (%)
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3.5 ASSESSMENT OF SYSTEM PERFORMANCE
The various equipment and devices incorporated in the stress path 
system were all carefully selected to serve the requirement of the 
present investigation in order to produce quality data during
the testing programme. Since investigating the behaviour of sand 
under low to moderate stresses ( i.e. below peak strength) is of 
main concern, the system was chosen to perform stress controlled 
tests. This also ensures better monitoring for small strain 
behaviour. The operating range of the various instruments was also 
chosen to serve this requirement. The stress region in which 
stress paths can possibly be achieved by the system in triaxial 
stress space is shown in Fig 3.20. All electronic devices were 
selected to operate with a direct current input voltage and featured 
DC output signals, hence minimising the cost of incorporating extra 
electronic equipment usually required when using AC devices. They 
are also found to be stable and showed no significant temperature 
sensitivity within the normal operating temperature. In order to 
achieve more improvement in the performance of the system equipment 
and the associated electronic devices, an air conditioning unit was 
installed so that temperature was controlled within + 1 C°
The measurement of deformation achieved locally on the sample is 
very reliable and avoids many possible errors. However, it is 
still not possible to measure stresses closer to the soil specimen. 
This is considered a limitation since the measured stresses may not 
be exactly the same as that actually applied on the sample. The 
pressure transducers were placed as near to the triaxial cell as 
possible in order to minimize any loss of accuracy. The use of the 
conventional triaxial apparatus loading system was found reasonable 
and can avoid the need to use a special stress path cell such the 
hydraulic type (Bishop and Wesley, 1975).
The minimum pressure step during conducting any stress path was kept 
in the order of 0.14 kPa and even less than the resolution of the 
pressure transducers (0.25 kPa) in order to avoid significant 
overshooting. In the software the correction of the pressures in 
order to maintain the stress path was made within + 0 . 5  kPa. This 
should result in a stress path controlled to better than + 1.0 kPa.
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volume
change
unit
back
pressure
(kPa)
calibration
factor
(cc/mv)
linearity 
per 80cc 
range (%)
hysteresis 
during reversing 
cycles (cc)
initial volume 
error due to 
increase in 
back pressure 
(cc)
1 0 0 1.792 0.25 0.179 0.242
IC 300 1.786 0.25 0.089 0.307
800 1.776 0.25 0.062 0.557
1 0 0 0.664 0.63 0.093 0.162
MENZ 300 0.664 0.63 0.039 0.092
800 0.664 0.63 0 . 0 2 0 0 . 0 1 1
1 0 0 0.0073 1.09 ❖ 0.31
UoS 300 0.0073 1.09 * 0.167
800 0.0073 1.09 * 0.029
found difficult to determine
Table 3.1 Summary of results of volume change calibrations
91
mLÜ
#—I
>
<  Z  
a: LÜ 
LÜ H- 
Z  O)
u  >- 
CD 0 )
CD X  
Z  H  
«-« <  
^  0 _ 
o
X  O) 
(/) O) 
LÜ X a: 
(L I -
<  (/) 
0 :
CD ÜJ 
o  X  
I -  H- 
O
X  li. 
Û. o
0 )
CD
l-H
Li.
92
i è4-
<0 0) 
c u c
fC %
L. 3 u
0) "O (O 5 tA
•p (0 u s- (0 >
c o o -p (U <u
«n e -a
a
i<(lT
h3
oc
E  <U 3 0 >
rr = o 10 
>  en
&. 0) 
0) u•p (0 
10 <4-O»
S- -P
I—  -p
e 3  -M
• r -  o  C  
</> O 3
g§
■P
O
S
cû
o
u >
o Q  * 0 a.
I
+J
w
(0
4J
â
%
co
O)
S-tuco
CM
CO
00
93
12000
o LOADING
10000 UNLOADING
CO 8000 
&
uï
6000
iI 4000
2000
200 400 600 BOO 1000
A P P L I E D  P R E S S U R E  (kPa)
Fig. 3,3 Typical pressure controller calibration 
characteristics
ronze ball
,bolts
30mm
aluminium
alloy
102mm dia-
Fig. 3.4 Loading cap for extension tests on 102mm 
diameter samples
94-
4000
30 0 0
2000
1000
BEST FIT EQUN. 15 
Y - -21.550+ 1.D0ÛX 
C.COEF.- .99999
LOADING 
+ UNLOADING
2000 
A P P L I E D  L O A D  (N)
3 0 00 4000
Fig. 3.5 Typical calibration characteristics for the 
load cell
BOO
700 -
G O O  -
500
o UOAOING 
UNLOADING
200 300
AP PL I E D  CELL P R E S S U R E  (kPa)
Fig. 3.6 Load cell calibration against change in 
cell pressure
95
500
4000
BEST FJT EQUN. IS 
Y- 1.933+ 3.997 X
C. COEF. - .99999
3000
2000
1000
a LOADING
♦ UNLOADING
0
0 200 400 BOO 800 1000
A P P L I E D  P R E S S U R E  (kPo)
(a) cell pressure
■4000
BEST FIT EflUN. IS 
Y= .267+ 4.000 X
C. COEF. = .99999
30 00
2000
1000 o LOADING
* UNLOADING
0
200 4000 BOO 800 1000
A P P L I E D  P R E S S U R E  (kPo)
(b) back pressure
Fig, 3.7 Typical pressure transducer calibration
96
4000
BEST FJT EOUN. IS 
Y- -.348+ 200.287 X 
C. COEF. - .99999
3000
2000
1000 o LOADING
UNLOADING
0
A P PL I E D  D I SP L A C E M E N T  (mm)
Fig. 3,8 Typical calibration characteristics for the 
external displacement transducer
N y l o n  t u b e
Vo 1 ume 
g a u g e N y l o n
t u b e
GDS 7
V O  1 t m e t e r
i c r o c o m p u t e r  
(HP 85)
Fig 3.9 V o l u m e  c h a n g e  c a l i b r a t i o n  t e s t  a r r a n g e m e n t  
97
«ULunc. \uu. un; \u/j
3ESÎ Fir EOUN. IS
Y- -, 172+ .560 X 
C. COEF.
- 1 0 --
15--
-20
-25
VOLUME GAUGE C.MIBRATION TEST<VCR311) 
;i.C.)TYPE
VOLUME (CU. CM> (07)
BEST FÎT EOUN. IS
C. COEF.
2 0
-10
-50
VOLUME GAUGE CALIBRATION TEST(VCR312) 
(MEXZ» TYPE
VOLUME (CU, CM) (07)
BEST FIT EOUN. IS
023+ .138 X 
GG9G1COEF.
 ^ j"'• •• j . |m.— ...j ......|i I....I .w| ^3'* .1.... I . .  -. I .  I ■ j
-5
-6
VOLUME GAUGE CALIBRATION TEST(YCR313) 
(UOS) TYPE
Fig, 3,10 Comparison of three volume change gauges 
calibrations
VOLUME (CU. CH) (D7)
250
-50--
-1 3 (
VOLUME CAUSE CALIBRATION TEST<VCR3U) 
(I.e.) TYPE
VOLUME (CU. CH) (07)
”3
600 —
480-
240
1 I T  T  ffiOOb in 2 ïï W 
VOLUME GAUGE CALIBRATION TEST(VCR312)
(HENZ) TYPE
VOLUME (CU. CH) (07)
90
,60 ..
30
ï  I T  T T90Jb if) 2  2  R
VOLUME GAUGE CALIBRATION TEST(VCR313)
(UOS) TYPE
Fig. 3.11 Linear regression analysis of the data 
from three volume change gauges 
99
E2
E3
GDS 7 GDS 6
V o l u m e
g a u g e
El E r r o r  d u e  to th e v o l u m e  c h a n g e  u n i t
E2 E r r o r  d u e  to t u b e  e x p a n s i o n  and l o o s e  f i t  c o n n e c t i o n s
E3 E r r o r  d u e  to GDS e x p a n s i o n
Fig 3 . 1 2  P o s s i b l e  s o u r c e s  of e r r o r
VOLUME-C. c.
600. _ 
450. _
1504-
g
- 1 5 0 -
TvsoL
VOLUME GAUGE CALIBRATION TEST (VCl381) 
(I.e.) TYPE
m
8 K3 oain m
Fig. 3.13 Special test data showing the performance 
of the I.e. volume change gauge during 
change in back pressure
100
o( M
R
m
o o
§ a
QJ
4J
U-l
o
co
u
•H
■M
CO
•H
h
(U
4->
O
CO
U m
CO 00
G
U CO
00
G
O eu
•H 00
■P G
CO G
G X i
P U
•H
r—1 (U
CO e
U G
1—1
rH O
CO >
Ü
•H
DhO
H 1-4
rH
en
00
(Si10) indino
101
S T A R T
E N D
S T O R E  D A T A
P R I N T  & P L O T
I N P U T
I N F O R M A T I O N
DO I N I T I A L  
C A L C U L A T I O N S
S E T  UP I N I T I A L  P R E S S U R E S
S P E C I A L
F U N C T I O N
S U B R O U T I N E S
T E S T
C O N T R O L
R E A D
D A T A
F I G  3.15 G E N E R A L  P R O G R A M  L A Y O U T
102
C U R R E N T  
S T R E S S  E Q U A L  
C A L C U L A T E D
R A T E
A T I S F A C T O R Y .
- ^ C U R R E N T  
S T R E S S  P A T H  
^ D O N E ?
.^^EQUIRE 
A N O T H E R  S T R E S S  
P A T H ?  ^
R E T U R N
B A C K  P R E S S U R E  
\ C O R R E C T ?  ^
S C A N  D A T A
S E T  U P  T I M I N G
C O R R E C T
B A C K
P R E S S U R E
P L O T ,  P R I N T ,  S T O R E  D A T A
D E F I N E  S T R E S S  P A T H  
D I R E C T I O N
A P P L Y  C O N T R O L L I N G  S T R E S S  
I N C R E M E N T
C O R R E C T  
O T H E R  S T R E S S  
C O M P O N E N T  
T O  M A I N T A I N  
S T R E S S  P A T H
C A L C U L A T I N G  V A L U E  O F  S T R E S S  
R E Q U I R E D  T O  M A I N T A I N  S T R E S S  P A T H
F I G .  3 . 1 6  S T R E S S - P A T H  C O N T R O L  S U B P R O G R A M
103
;TPESS PATH TEST
S T R E S S  P A T H  T E S T
PESSUPES (kPa) STPA N <*.>
FIG. 3. 17 STRESS PATH TEST DATA PLOTTED ON 
THE MONITOR
104
S T O P
B A C K  P R E S S U R E  
^ C O R R E C T
^  F I N A L  
P R E S S U R E  T A R G E T  
' \ R E A C H E D  ? _
/ D I A M E T E R  ^  
Q U A L  R E F E R E N C E  
. R E A D I N G  ?
R E A D  D A T A
P R I N T  & P L O T
C H A N G E
C E L L
P R E S S U R E
C O R R E C T
B A C K
P R E S S U R E
R E C O R D  R E F E R E N C E  
R E A D I N G
A P P L Y  D E V I A T O R  S T R E S S  
I N C R E M E N T
F I G  3 . 1 8  Ko - C O N T R O L  S U B P R O G R A M
105
6 00
500
400'o
I
300
en
X-c Ko200
35
Moctium don#* B. 720
100
0 100 200 300 400
R A D I A L  S T R E S S  (kPo)
Fig, 3.19 Typical Ko-stress paths for Leighton 
Buzzard sand
b o u n d a r y  o f  
p o s s i b l e  s t r e s s
kPa
p a t h  a p p l i c a t i o n
oa
f a i l u r e
c o m p r e s s io n
1000
CL
1000
kPa
Fig. 3.20 Limit of stress path application in the 
automated stress path system 
106
4.0 THE DEVELOPMENT OF THE LOCAL DISPLACEMENT MEASURING DEVICES
4.1 INTRODUCTION
Conventional measurement of both axial and volumetric deformations 
of triaxial specimens, made outside the triaxial cell, introduce 
significant errors in the computation of strains. Some of these 
errors are of a random nature and difficult to deduce, even by 
careful calibration. These problems created the need for an 
alternative technique to be employed for such measurements, 
especially in cases where the average magnitude of deformations 
intended to be recorded was small such as those developed below peak 
strength. In such conditions, the contribution of these errors 
can be significantly large. Due to the importance of accurate 
predictions of deformation during the present investigation, it was 
decided to employ a technique for monitoring local deformation on 
the triaxial specimen, and hence avoid boundary errors. In this 
chapter the typical errors that normally occur during conventional 
deformation measurement on triaxial specimens and the various 
techniques previously employed for local deformation measurement are 
discussed. Furthermore, the new devices which were developed 
throughout the present investigation are described. Their 
capability of measuring deformation locally on the triaxial specimen 
is shown and finally the uncertainties of conventional deformation 
measurement are discussed.
4.2 THE PROBLEM OF DEFORMATION MEASUREMENTS DURING TRIAXIAL 
TESTING
4.2.1 AXIAL DEFORMATION
In triaxial testing the axial displacements are conventionally 
measured by means of a dial gauge or displacement transducer placed 
outside the cell. The errors arising during such measurement 
techniques are categorized by previous researchers (Daramola, 1978; 
Burland and Symes, 1982 and Costa-Filho, 1985) as follows:
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1 End restraint errors, caused by the restriction of zero lateral 
movement at the sample ends.
2 Elements compliance errors, caused by the deflection of the 
various testing elements, i n c l u d i n g  internal load cell, porous 
stones and top cap. They may also include slack in the various 
connections and tied rods, and deflection of the top part of the 
triaxial cell.
3 Bedding errors, caused by the problem of contact between the 
specimen ends and other elements in contact. This may also 
include the following:
a) non uniformity of the surface of the specimen ends, such 
as the presence of asperities and irregularities
b) lack of flatness of the specimen ends
c) non parallelism of the specimen end surfaces
d) lack of squareness of the specimen, and
e) tilting or misalignment of the top cap.
The first error category may contribute to reduce the amount of 
overall strains of the sample due to the non uniform state of stress 
caused by the end restraint, which in turn produces smaller strains 
near the ends (Menzies, 1976) especially at high stress levels. 
However, the second and third categories are normally responsible 
for an overestimation of the specimen deformation measured 
experimentally (Daramola, 1978).
With respect to the first category of errors, the influence of 
non-uniform stress conditions created by the use of frictional 
platens would seem to be important and a fact not recognised by many 
researchers even when using local measurement of strains. In the 
absence of lubricated end platens, lack of complementary shear 
stress on the vertical boundary leads to a non uniform stress on the 
rigid frictional platens (see for example Kirkpatrick, Seals and 
Newman, 1974). These effects may, in such a case, lead to doubts 
about the validity of measurements made outside the central third of 
the specimen height.
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However, this effect may easily be reduced or perhaps eliminated by 
the incorporation of sheets of greased rubber membranes which can be 
placed at the ends of the sample. The efficiency of the lubricated 
ends in reducing the effect of end restraint has been described by 
Rowe and Barden (1964) and Bishop and Green (1970). However, the 
major problem in using lubricated ends is their large contribution 
to bedding errors which make them fall into the second category when 
conventional measurement is employed. The compression of the free 
ends is mainly due to the penetration of the grease and disc layer 
by the constituent particles of the specimen (Sarsby et al, 1982) 
and the compressibility of the latex disc itself (Lee, 1978). The 
deformation caused by the lubricated ends has been evaluated by some 
investigators (McDermott, 1981 and Sarsby et al, 1980). It has 
been found that they can be responsible for up to 80% of the 
recorded axial deformation.
On many occassions, the second category of errors can partially be 
minimized by modifying the testing equipment in order to increase 
its stiffness (Atkinson and Evans, 1985), and partially by careful 
calibrations of various components. Such calibrations should be 
carried out over a wide range of loading patterns, and should take 
into account the effect of hysteresis (Symes and Burland, 1984). 
Furthermore, they should be associated with a good understanding of 
the mode of deformation and the type of loading condition that 
causes such deformations. For example, expansion of the top of 
the triaxial cell is caused by the change in the cell pressure while 
deflection of the load cell only occurs due to a change in deviator 
stress. Experience in calibration of various apparatus used in the 
present investigation indicates that the MIL load cell exhibits 
approximately 0.1mm deformation at full load (5000 N). This is 
small compared with other types of load cell which may exhibit up to 
15 times this value at the same load (Costa-Filho, 1985). The 
expansion of the triaxial cell due to an increase in cell pressure, 
may exceed 0.02mm/100 kPa. Furthermore, when it is intended to 
use the triaxial apparatus for cyclic loading which involves
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reversing the stress direction from compression to extension and 
vice-versa, complete fixation between the top cap and load cell 
becomes necessary and a ball joint arrangement is often used to 
fulfill this purpose (see previous chapter). Backlash is usually 
observed when applying negative deviator stress or at the instant of 
crossing the isotropic.
The third type of error, "bedding errors" are not very simple to 
eliminate completely or detect by careful calibration, due to their 
random nature and dependency on many factors such as tested material 
and method of sample set up. Even so, they can be reduced to a 
certain extent by careful sample preparation and by improving the 
testing procedure. The only way for errors to be avoided is by 
conducting the measurement of axial strains directly on the surface 
of the triaxial specimen. This has been recognised by previous 
researchers and they have suggested several methods for the 
determination of strains locally on the soil specimen. Daramola
(1978) used a technique involving two displacement transducers in 
order to measure the axial strains in the middle half of the 
triaxial sand specimen, thus avoiding bedding errors. He carried 
out a comparative study between strains measured using this 
developed technique and the overall strains measured outside the 
triaxial cell which include bedding errors. His main findings can 
be summarized as follows;
a) Bedding errors are significantly affected by density.
Hence, loose samples have greater average errors than dense 
samples.
b) Isotropic consolidation or overconsolidation did not produce 
a dramatic reduction in the average bedding error during 
subsequent shear, whereas a marked reduction in bedding 
errors was observed in the case of samples with an 
anisotropic consolidation history.
c) Irrespective of isotropic consolidation stress level, 
initial errors at about 0 .2 % average strain can be as high 
as 90% and in most cases may not be less than 30%.
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Costa-Filho (1985) carried out a similar investigation into bedding 
errors in stiff London Clay and concluded that bedding problems 
introduce significant errors in the determination of deformation 
moduli at small strains.
A review was made of the various techniques employed by previous 
investigators to conduct measurement of axial strains locally on 
triaxial specimens as given in Table 4.1. It can be seen that 
these techniques can be generally divided into three categories. 
Since it had been decided to use some sort of local axial strain 
measurement throughout the present work, the choice was limited to 
either employing one of the methods given in Table 4.1 or to develop 
a new technique. The first category of techniques in Table 4.1 
cannot be considered suitable for small measurement due to their 
limited accuracy and specifically for the present research they 
cannot be logged as part of an automated system (see previous 
Chapter). The second suggestions were to use submersible 
displacement transducers. This was abandoned due to the difficulty 
of obtaining a reliable submersible transducer with sufficient 
accuracy for the required range, with relatively small size and low 
self-weight. Furthermore, the set-up of the transducer would 
involve considerable effort and it has been found by previous 
researchers (Darambla, 1978 and Costa-Filho, 1985) that tilting of 
the mounting pin during sample barrelling or tilting produces some 
errors.
The third choice was to use a similar gauge to that recently 
proposed by Burland and Symes (1982). An identical gauge was 
designed and was about to be manufactured. However, some 
preliminary calibrations for the electrolytic level were carried out 
without much success in obtaining a stable output from the AC 
device. This may have been due to the instrumentation used to 
monitor outputs from the device, or due to an inherently noisy 
electrolytic level. This difficulty might be overcome by 
incorporating better quality monitoring equipment which would be
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relatively costly. It was found (after gaining some experience 
during the calibration) that the level was very sensitive to
temperature changes and vibrations and in addition the size of the
gauge required a larger space than that available inside the 1 0 0 mm 
triaxial cell, which demanded either a special modified cell or the 
use of a larger cell with a pedestal converter. For this reason 
this work was also abandoned. The only choice left therefore, was 
to search for an alternative method. It was decided to employ a 
new technique based on the Hall Effect principle . This is 
described in detail in the following sections.
4.2.2 VOLUMETRIC STRAINS
Volume change can be monitored in triaxial testing by means of one
of the following three methods (Bishop and Henkel, 1962):
(a) Measuring the volume of fluid entering or leaving the 
triaxial cell to compensate for the change in volume. This 
method is mainly used in the case of partially saturated 
samples and requires correction for cell and tube expansion 
due to change of cell pressure.
(b) Measuring the volume of liquid entering or leaving the pore 
space of the soil. This method can only be used in the 
case of saturated samples.
(c) By calculating volume change from direct measurement of 
change in length and diameter of the sample. This method 
is valid in both saturated and unsaturated soils.
In both the first two methods, correction should be made for 
membrane penetration, especially in the case of coarse sands (e.g. 
Roscoe et al, 1963 and Raju and Sadasivan, 1974). Various 
devices have been developed in order to record the volume change. 
Perhaps the earliest is the burette system. Other types of devices 
include those which permit recording or automatic data logging.
These types of devices have been reviewed elsewhere (e.g. 
Alva-Hurtado and Selig, 1981). However, the accuracy of any of
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these volume change devices does not only depend on their electrical 
characteristics, but in addition there are some other errors which 
take place. In the previous chapter calibration results of three 
typical devices were presented and the nature of these errors was 
discussed. Extra errors in the computation of volume change occur 
due to the assumption that the sample maintains its right cylinder 
during volume change. Conventionally, radial deformation is 
obtained from the volume and axial deformation when required using 
the following expression:
Gr = (ey - Ga)/2 .... 4.1
Serious errors arise from both volume and axial strain measurement 
if they are substituted in the equation as a result of external 
measurement (see also the above Section).
However, the third method seems to be the most accurate way to 
measure volume change provided that there are available sufficient 
devices for carrying out such measurement. The available local 
axial strain measurement devices described by previous investigators 
to measure radial deformations are reviewed in Table 4.2. Some of 
these devices have been developed for controlling lateral 
deformations during Ko testing and were not meant to measure large 
radial strains.
At the start of the present research the only radial strain 
measurement devices available commercially were the mercury 
indicator (Bishop and Henkel, 1962) and the caliper system 
employing an LVDT (Menzies, 1976). The first has a reliable 
mechanical design but it is suitable primarily for Ko control. 
Furthermore, it is not possible for it to be logged by an automated 
system. The second type has some problems as quoted by Sutton
(1979) who suggested a modification for the alignment guide plates 
to avoid stickage and the pads to avoid embedment. Furthermore, 
the weight of the transducer body may impose an extra load on the 
specimen. However, because of the satisfactory mechanical design
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of the Bishop and Henkel caliper, it was decided to modify it by 
replacing the mercury indicator by a Hall Effect sensor-magnet 
system (as used in the axial gauges (see following Sections)).
4.3 THE HALL EFFECT PRINCIPLE
When a metallic or semiconductor plate, through which current is 
flowing, is placed in a magnetic field where flux lines are 
directed perpendicularly to both the plate and the current flow, 
the charge carriers will be deflected so that a voltage is produced 
across the plate in a direction normal to the current flow. This 
voltage is known as the Hall voltage, after E.H. Hall, who 
discovered the effect in 1879. Hall Effect semiconductors are used 
widely to measure magnetic flux density; linear Hall Effect sensors 
are typically direct current (DC) energized and deliver a DC output 
which varies linearly with magnetic flux density over a specified 
range. Various types are available commercially at very cheap
prices. They are usually used as a sensor in a range of
applications including computers, machine tools, switches and 
medical equipment.
4.4 THE HALL EFFECT LOCAL AXIAL DISPLACEMENT MEASURING DEVICE
4.4.1 STAGES OF DEVELOPMENT
Linear output Hall Effect (K.E.) sensors have been successfully used
in the Soil Mechanics Laboratory at the University of Surrey for a
number of years to control lateral strain during Ko consolidation 
testing (Hababa, 1984). In an early attempt, the same kind of 
sensors were employed by the author to develop a device for 
measuring local axial displacement in a 1 0 2 mm triaxial specimen.
The semiconductor chip was obtained from RS Components Ltd. It is 
very light and remarkably small. It features a differential DC 
output which varies linearly with magnetic flux density over a range 
of 40 mT and requires a supply voltage of between 4 and 10 VDC. 
Output of the order of 3 volts can be obtained. Variations in the 
output voltage can be simply achieved by moving a magnet towards and
away from the face of the H.E. sensor. As a result, a
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relationship between the output voltage and the relative movement 
can be established (see Fig 4.1a). However, if the magnet is 
attached to one point on the soil specimen and the H.E. sensor on 
the other point, the relative movement between the two points can 
be detected. The idea was put into practice by designing an axial 
displacement gauge in which a cross section is shown in Fig 4.1b and 
a general view in Fig 4.2a. It was found that there were some 
mechanical problems affecting the performance of the gauge mainly 
due to the inside piston holding the magnet becoming jammed, 
especially when the applied displacement was small.
Extensive checks of the effect of temperature changes on the 
performance of the H.E. chip showed that it is very sensitive to 
temperature changes. Accordingly an air conditioning unit was 
installed so that the temperature changes were kept within + 1 C. 
Despite this, the H.E. chip still showed significant temperature 
drift equivalent to 10//m/C°. However, the long search for a 
method to overcome this temperature problem was ended successfully 
by obtaining a new H.E. sensor which is temperature compensated 
(Fig 4.3). Temperature checks on this H.E. sensor showed that it 
was very stable over a period of several days. The new 
semiconductor chip was very light (0.35g), remarkably small and was 
regulated against changes in DC voltage supply. It featured a 
single DC output which varied linearly with magnetic flux density 
over the range of + 400 Gauss and required a DC voltage supply of 
between 8 V and 16V. Output changes of the order of several volts 
could be obtained simply by moving one or a combination of permanent 
magnets, either parallel of normally to the face of the sensor.
The single magnet facing the H.E. sensor described in Fig 4.1a is 
no longer used and a better H.E. sensor-magnet system 
configuration was implemented to give an output which is linear with 
respect to the displacement between its ends (Fig 4.4a).
In this arrangement two small bar magnets were used, one with its 
north pole and the other with its south pole (bipolar) facing the
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H.E. semiconductor. Fig 4.4b shows the influence of varying the 
gap between the two magnets (G) and the distance between the magnets 
and the face of the semiconductor (S). It can be seen that the 
output has a linear portion which can be increased by widening the 
space between the magnets. The sensitivity of the sensor, in the 
form of the rate of change of the output with respect to 
displacement, is increased by decreasing the gap between the face 
of the semiconductor and the poles of the magnets. The previously 
designed gauge (Fig 4.1b) therefore, had to be modified to 
accommodate the new H.E. sensor and the bar magnets. The aim was 
to design the gauge as one complete unit in order that it could be 
easily mounted on the side of the specimen.
A second version was built as shown in Fig 4,2b. Two problems were 
faced; the friction between the inside movable part and the outside 
cylindrical container and the sticking between the two components of 
the gauge due to any slight non-alignment during initial fixing or 
due to slight barrelling of the sample during large strains. After 
considerable experimentation these problems were overcome in a third 
version (Fig 4.2c), The design was simplified and the gauge no 
longer remains as one unit but consists of two parts. The first 
part is a spring-mounted pendulum which (in this version), holds 
the Hall Effect semiconductor- encapsulated in epoxy resin within a 
brass container. The second (lower) part of the gauge consists of 
two bar magnets each with a 3mm x 3mm square cross section and 
separated by approximately 3mm and mounted to the lower fixing pad. 
It was observed that the bar magnets tend to corrode when left in 
water for some time. These magnets were replaced by lodex 37 
pressed magnets which have slightly stronger magnetic strength and 
also are coated to resist corrosion. A major defect in this 
version of the gauge was soon recognised due to the relatively 
stiff cabling exiting from the semiconductor on the pendulum part of 
the gauge causing some problems involving slightly pulling of the 
pendulum away from the lower pad. This effect was found to 
increase with the increase in the applied cell pressure which 
compressed or caused collapse of the cabling and hence changed its
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stiffness.
In order to avoid this problem a later version of the gauge was 
produced by swapping the Hall Effect sensor and the magnet system as 
shown in the photograph in Fig 4.5a. A cross section through the
later version gauge is also shown in Fig 4.5b. It can be seen that
the upper pendulum part now holds the two bar magnets. This is 
suspended from the upper pad fixed to the specimen. The spring 
allows relative rotation between the pendulum and the fixing pad 
(which would occur for example, if the specimen were to barrel at 
large strains)without the need to introduce a bearing as the case in 
the second version of the gauge . This is considered an important 
feature of the design, ensuring that there can be no slack in the 
measuring system, since it was intended that the gauge should be 
used in the present research to measure strains during unload-reload 
cycles in the triaxial apparatus. The spring also has the function 
of gently pushing the magnets against the face of the semiconductor 
element of the gauge. The pendulum arm is bent so that two of
these local strain devices can be fitted on a 1 0 2 mm diameter
specimen beneath the lateral strain measurement caliper (see 
following Sections), At the base of the pendulum the two magnets 
are separated by a small polytetrafluoroethylene (PTFS) block which 
performs the dual functions of allowing the magnets to be mounted 
with their correct alignment and separation and of providing one 
half of the sliding contact between the separation (about 1 mm) of 
the semiconductor from the magnets.
The lower part of the gauge consisted of the Hall Effect 
semiconductor encapsulated in. epoxy resin within a brass container; 
this is mounted on the specimen by means of the lower fixing pad.
A thin PTFE self-adhesive strip (with a. thickness of about 0.5mm) 
was mounted over the surface of the semiconductor, partly for 
protection and partly to ensure minimal sliding friction between the 
two elements of the system. Wings were provided (see Fig 4.5a) to 
ensure that the magnets approximately maintained their alignment as 
they passed across the face of the Hall Effect sensor. However,
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since the precise track of the magnets has been found to have little 
effect on the output of the system, these should have a loose fit 
to avoid friction.
The fixing pads had two pins, each of which was driven through the 
membrane into the specimen during mounting. This was made to allow 
an accurate determination of the gauge length, and also provide a 
stronger contact between the gauge and the specimen. Each was 
coated with impact adhesive immediately before mounting and was 
sealed with latex rubber afterwards.
In order to minimize the effect of sample barralling during large 
strains and to measure uniform strains away from the end platen 
the gauge length was made approximately 70mm thus ensuring 
displacement measurement was made in the middle third of the 
specimen. The amount of metal used during the manufacture of the 
device was kept to a minimum in order to reduce the self-weight, so 
that it imposed negligible loads on the sides of the soil specimen. 
The gauge was compact and kept as close to the soil sample as 
possible, and hence it does not require a larger space than that 
available inside the standard 1 0 2 mm triaxial cell.
Even when the semiconductor was mounted on the lower fixing pad and 
the distance between the semiconductor and the surface of the 
specimen was reduced in order to minimize the possible effect of pad 
rotation, still the gauge did not work well under isotropic 
consolidation stress path at low stress levels. It was thought 
this problem was caused by the electrical cabling, which collapsed 
under increasing cell pressure (Clayton and Khatrush, 1986). 
Accordingly, the outer casing for the three thin single strand 
insulated copper electrical wires from the sensor was replaced by a 
heat-shrinkable cable which is flexible and does not compress under 
pressure. Even by doing this, the problem during isotropic 
consolidation was not completely eliminated. Considerable checks 
on the performance of the gauge during isotropic consolidation were 
conducted. As a result, two things were observed: the first was
118
that if the latex solution applied to seal the pads to the outside 
of the membrane was not allowed to cure for a sufficient time, it 
would induce a minor movement on the pads. The second was that 
both the latex used for sealing the pads and the rubber membrane 
holding the sample were found to relax after filling the cell with 
water, which also caused slight movement on the pads. However, 
those problems were finally overcome by allowing the latex to cure 
for at least 1 2  hours before filling the cell with water and after 
filling the cell with water, the specimen and the associated 
instrumentation was left under water until no significant change in 
the output of the gauges was observed. The specimen was left under 
water for about one hour before running the test.
4.4.2 GAUGE CHARACTERISTICS AND CALIBRATIONS
The stages of development in order to improve the mechanical 
characteristics of the gauges have been described above. It has 
also been shown that most of the problems have been overcome in the 
latest version. The device was calibrated using a micrometer 
(0.00254 mm minimum resolution) mounted in a specially built 
calibration jig. Both the micrometer and the jig were made of non 
magnetic material (aluminium alloy) in order to avoid any influence 
on the magnetic flux. A typical calibration result is given in Fig
4.6. It shows the relationship between the output voltage and the 
relative displacement between the two ends of the device to be 
linear over a range of about 2.5mm. Within this range, the output 
voltage varies by about 2.3 VDC. Very little amplification is 
therefore required before the signal can be offered to an 
analogue-digital converter and input to a computer. The gauge can 
resolve to better than 1 ju,m, which is equivalent to an axial strain 
of less than 0.002%. In order to ensure that the encapsulated Hall 
Effect semiconductor is not sensitive to pressure, it was placed 
inside the triaxial cell and cell pressure increased incrementally 
while recording the output from the sensor. No significant changes 
in the output were observed.
119
The calibration of the gauge was carried out in air and it was first 
thought that it might change when placed in water. This change 
was, however, found to be negligible and was not expected to cause 
any change in the calibration.
4.5 THE HALL EFFECT LOCAL LATERAL DISPLACEMENT MEASURING DEVICE
The same principal (Hall Effect) was adopted to develop a device for 
measuring radial deformation of the triaxial specimen. The 
semiconductor-magnet configuration employed is similar to the one 
described in Fig 4.4 which was also used in the design of the axial 
displacement gauge. The design of the lateral strain device did 
not pass through many stages of development. However, it was 
based on the experience gained during the development of the axial 
displacement gauge. Both magnet type and the Hall Effect sensor 
employed are the same as those employed in the later version of the 
axial gauge. The H.E. sensor and the magnets were attached to a 
caliper system similar to that originally designed by Bishop and 
Henkel (1962) instead of the mercury indicator, so that they move 
relative to each other as the caliper, two curved arms moved due to 
the sample deformation. Both a photograph and a detailed design of 
the complete device is shown in Figs 4.7 and 4.8 respectively.
Parts of the caliper arms were cut in order to allow for the two 
axial displacement gauges. The two bar magnets were separated by a 
3mm thick PTFE spacer and attached to an aluminium block which was 
placed inside a container made of aluminium and has an internal 
width which is about the same as the magnet-holding block with 
approximately 0 .1 mm clearance, in order to allow free movement of 
the block. The position of the magnet can initially be adjusted 
with respect to the H.E. sensor by means of two screws moving 
through the sides of the container. The container housing the 
magnet system block is attached to one arm of the caliper. On the 
other hand, the H.E. sensor is encapsulated inside a brass 
container and attached to the other caliper arm. The gap between
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the magnets and the sensor is kept within about 1 .0 mm maintained 
partly by the PTFE block separating the two bar magnets and partly 
by a PTFE self adhesive strip (0.5mm thick) covering the surface of 
the semiconductor. The two parts are kept in contact due to the 
action of the springs at the other end of the caliper.
Initial alignment between the H.E. sensor and the magnets is 
normally adjusted during calibration and kept unchanged during any 
further use. This should be made when the distance between caliper 
pads is equal to the nominal diameter of the test specimen (1 0 2 mm). 
The size of the caliper pads was large enough (and the springs are 
not strongly loaded) in order to avoid causing local deformation 
around the pads due to their embedment into the sample. Even when 
using the caliper on a loose sand sample, no sign of embedment was 
observed. Before placing the caliper, the membrane was marked at 
the midheight of the sample, to ensure a level horizontal position. 
In order to avoid slippage of the caliper during the test, a very 
thin layer of liquid adhesive was applied to the inside part of the 
pads before placing the caliper on the sample. This type of 
adhesive has a setting time of at least twenty minutes which allowed 
adjustment of the caliper pads to be made.
The H.E. caliper was calibrated using the same micrometer and the 
calibration jig used to calibrate the axial displacement device. A 
typical calibration curve showing the relationship between the 
lateral movement and the output voltage can be seen in Fig 4.9. A 
linear range of approximately 1.5mm was obtained with a resolution 
of better than 0,6fjun» This enabled lateral strains to be measured 
to within 0.001%. The caliper can also be used to detect the 
diameter changes during Ko consolidation and swelling tests.
4.6 MOUNTING PROCEDURE
The set of photographs (A - H) shown in Fig 4.10 describe in general 
the steps followed to set up the Hall Effect devices on a 102mm sand 
specimen. After preparing the sand specimen, the collar base
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which was holding the split mould is left in place and the rubber 
membrane surface allowed to dry for some time. With the help of a 
square which was set on the flat surface of the collar, two 
vertical lines were drawn along the height of the specimen. Each 
line is diametrically opposed to the other and defined the 
longitudinal position of the axial gauge. A gauge length of 70mm 
was measured along each side and cross marks were put to define the 
exact position of top and bottom pads. The collar base was then 
removed. A thin layer of contact adhesive was applied to both pads 
and to their position on the membrane surface. The contact 
adhesive was allowed to become tacky for two minutes, and the pad 
was then carefully pushed towards the sample in order to insert the 
two pins into the sample through the rubber membrane. After 
insertion the pads were held in contact with the specimen surface 
for at least twenty seconds.
When dealing with sand samples held under suction this process of 
inserting the pins should be relatively quick. Extra precautions 
should be taken when fixing the bottom pads that hold the Hall 
Effect semiconductors in order to achieve better alignment. Time 
was allowed for the adhesive to set before applying a layer of latex 
solution around the pad. The latex layer should be kept to a 
minimum except when the sample is expected to exhibit large strains 
in extension. In such cases a better seal against leakage should
be ensured. The other part of the gauge was then pushed through a
hole made in the top pad and screwed in a suspended vertical 
position. After placing both axial gauges the caliper was placed 
at the midheight of the sample. The latex solution was left for
several hours to set. During all tests carried out in the present
investigation the latex was allowed to set for at least twelve 
hours. All devices set up on 102mm specimen are shown photographed 
in Fig 4.11.
4.7 ACCURACY AND PERFORMANCE
In the case of the local strain measurement devices, the accuracy
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is not only governed by the resolution and minimum scatter obtained 
during calibration under controlled conditions. It is rather 
important to consider other problems which may be responsible for 
possible loss of accuracy. The strains are usually calculated 
using a calibration factor obtained during calibration under 
controlled conditions. However, if certain factors cause 
deviation from the actual calibration value, this will lead in turn 
to errors in the computation of strains. The significance of these 
errors depends on how severe those factors are. These factors can 
be summarized as;
1) Determination of gauge length
2) Position of reference points used to calculate strain along 
the height of the specimen
3) Barrelling and necking of the specimen
4) Tilting of the specimen
5) Misalignment during mounting
Perhaps the first factor is the only one which is common in both 
axial and radial strain measurement devices. The rest are only 
associated with the axial displacement device. During the present 
work, the gauge length was determined within an accuracy of +0.5mm. 
This would cause an error in the computation of strain which can be 
calculated from the following expression;
Ae = (AL/L).e   4.2
where L is the gauge length of 70mm and € is the level of strain. 
Hence, at a level of strain,of 0.5%, this error (Ae) can be 
+0.0036%. On the other hand in case of radial strain measurement 
L = 102mm. Hence, at € = 0,5%, A e  can be of the order of +0.0025%. 
These errors can be considered not very significant.
In the absence of lubricated end plattens, the lack of 
complementary shear stress on the vertical boundary leads to a 
non-uniform stress on the rigid frictional platten. These effects
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may lead to doubts about the accuracy of measurement made outside of 
the central third of the specimen height. Costa-Filho (1985), 
carried out a finite element analysis and concluded that provided 
the height/diameter ratio is not less than two the strains attained 
in the middle third are fairly uniform. In order to avoid such 
problems, since no lubricated ends have been used during the 
present work, the Hall Effect axial gauges are designed to fit 
within the middle third of the specimen. This chosen position of 
the gauge will also significantly reduce the influence of barrelling 
and necking of the specimen. However, during the present 
investigation the main interest was focussed on strains that occur 
below peak which are relatively small. However, in cases when 
large strain measurement is required to be locally made, lubricated 
ends should be incorporated.
Because of the normal tolerances to which the ends of specimens are
prepared, tilt is a commonly occurring problem in triaxial tests.
Early systems of local strain measurement which used two LVDT's
mounted on opposite sides of the specimen, and deduced the local
strain by subtraction of displacements and division by the
difference in height between the measuring points (Daramola, 1978
and Costa-Filho, 1980), could not provide satisfactory local
strain measurement when tilt occurred. The Hall Effect system
developed during this work involving two diametrically opposed
devices, provides an average local strain which is unaffected by
the tilt. It may, however, be better to employ three devices 
o
mounted at 1 2 0  spacing around the circumference of the specimen. 
Because of the use of the lateral strain measurement caliper (see 
Section 4.5) there was not enough space to include a third device 
for this work. Work in the Structural Composites Research Unit of 
the Department of Civil Engineering at the University of Surrey, 
carried out by Mr A. Thorne, has suggested that the arrangement 
consisting of two gauges may sometimes be inadequate, as the data 
in Fig 4.12 shows. When a hollow rod of carbon-PES composite was 
tested in compression with pinned ends, the average strains for 
three strain gauges mounted on the external surface of the rod at
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1 2 0  degree spacing was the same as the average for two diametrically 
opposed gauges. But when both ends were fixed there were 
significant differences between the two measurements.
Clearly the case of a triaxial specimen lies somewhere between the 
two extremes. However, knowing the difference in deformation 
behaviour between the two materials, a correct figure of the error 
cannot be drawn from this experiment, though it demonstrates the 
significance of using three gauges instead of two.
When using the gauges to measure axial displacement, the two parts 
of the axial gauge should ideally be placed on the specimen in 
perfect alignment, after marking the membrane to give the required 
position. However, occasionally, slight misalignment could 
happen and in order to investigate such effects, calibrations were 
carried out with the two parts of the gauge deliberately misaligned. 
It was found that a 5°misalignment between the two parts of the 
gauge led to a change in the sensitivity of only 1.25% of the 
expected value. This corresponds to an error in the computed 
strain at a level of 0.5% in the order of 0.00625%, It is 
relatively easy to align the two parts of the gauge to better than 
5°.
The actual performance of the H.E. gauge was examined by 
conducting special calibrations using a dummy rubber specimen 154mm 
high and 102mm diameter. In order to avoid errors which resulted 
during mounting the gauges, the exact positioning and alignment of 
the gauges was insured by drilling small holes into the rubber 
specimen at the specified gauge length (70mm) prior to mounting the 
two axial gauges. The rest of the procedure followed to mount all 
local measurement gauges is the same as that described in Section
4.6. Although the rubber may not be the most suitable material for 
this purpose due to its slight nonlinearity which complicates the 
resulting behaviour, it has been chosen because of its comparable 
deformation magnitude to that of soils. The Author could not 
obtain much information concerning the properties of the particular
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rubber specimen used in calibration, apart from some general 
information which was available from materials handbooks. The 
volume compressibility of the rubber is low and hence its Poisson's 
ratio is near to 0,5, In order to check this, the specimen was 
subjected to an all round water pressure. As a result both axial 
and radial local gauges show only very insignificant movement. Two 
further calibrations were then conducted. The specimen in both 
tests was subjected only to an increase in deviator load. Output 
from all three local measurement devices and external displacement 
transducer were recorded.
In the first test, the two ends of the specimen were in direct 
contact with the end platens Whereas, in the second test, two 
latex rubber discs (0,3mm thick) were inserted in between the 
specimen ends and the top and bottom plattens. The resulting 
load-unload stress strain curves are plotted in Fig 4.13a. It can 
be seen that, while both axial and radial deformation recorded by 
the local devices coincide for the two tests, it is not the case 
for the external measurement. This is because of the extra 
deformation exhibited by the latex discs during the second test. 
Furthermore, initially and up to an axial strain level of 0.4%, 
the external transducer recorded greater deformation than that shown 
by the local gauges. This is in the case of both tests which can 
be attributed to the elements compliance and bedding errors. The 
relationship betwen the axial and radial strains are plotted in Fig 
4.13b. It can be seen that it is linear in the local measurement 
for all strain ranges, whilst it is not at low strain levels in the 
case of the external measurement.
Therefore, one value of Poisson’s ratio up to a strain level of 
1,0% can be obtained from local strain data. This value is 
approximately 0.45. In contrast, external measurements show an 
underestimation of the value of Poisson's ratio for strain levels 
below 0.4%. Above this limit a value similar to that obtained from 
local measurement is approached. This indicates that most of the 
errors during external measurement disappeared at a strain level of 
0.4%. Hence, these results seem to indicate that the H.E. 
devices proved to be capable of predicting the actual deformation 
free from boundary errors.
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4.8 THE UNCERTAINTIES IN DEFORMATION MEASUREMENT
The various sources of error during conventional deformation 
measurement were discussed earlier in Section 4.2. In this section 
a comparison of the data obtained from both conventional external 
measurement and local measurement in the middle third of the 
triaxial specimen are made. As it is believed that the measurement 
of deformations carried out in the middle third can avoid such 
uncertainties, the errors are presented as the deviation of the 
deformations measured externally from those measured locally.
4.8.1 AXIAL DEFORMATION
It was mentioned earlier in this, chapter that the errors resulting 
during external measurement of axial strains contribute to an 
overestimation of the measured deformation. This was found to be 
common to all executed tests, regardless of the stress path 
followed.
Figs 14a and b show typical, stress-strain data obtained from various 
drained stress path tests on fine Leighton Buzzard sand. All the 
figures contain a comparison between the average axial strain 
measured by means of two diametrically positioned local strain 
devices in the middle third of the specimen and that obtained from 
an overall measurement using a transducer placed on the loading ram 
outside the cell. It can be seen in both the figures that the 
response, as recorded by the local gauges, is always stiffer than 
that recorded by the external transducer. Furthermore, the data 
plotted in Fig 4.14b show that, there is a substantial difference 
in the stiffness at early stages of shearing which gradually 
disappears with the increase in .deviator stress.
Fig 4.15 shows typical data obtained from unconsolidated undrained 
tests on stiff clay specimens. The strains recorded by the two 
diametrically positioned local gauges are compared with those 
obtained from the external measurement. It can be seen that the
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two gauges initially moved in opposite directions, indicating that 
the top of the sample was slightly unsquare and hence causing the 
sample to tilt. However, the average of the two local 
measurements show that they are not affected by the tilt.
An interesting feature was observed throughout the use of the local 
measurement devices, with all the tested sand samples. They never 
show a severely pronounced tilt problem as shown by the stiff clay 
sample. This may be related to the more simplicity in levelling 
the top of the sand specimen surface reasonably enough to avoid 
severe tilt during loading.
The errors in axial deformation measurement were calculated as the 
difference between the recorded strains locally and externally as a 
percentage of the local strains. This error during selected 
results from various stress-path tests is presented in Figs 4.16 and 
4.17. It can be seen in Fig 4.16a that the error is not completely 
eliminated by isotropic consolidation and approximately 50% of the 
error could still be observed. On the other hand, during 
anisotropic loading either along Ko or constant stress ratio paths, 
the error shows greater decline although it has not vanished 
altogether (Fig 4.16b).
In most of the stress paths considered, at the start of the 
shearing stage, the error can exceed 200%. This substantially 
decreases upon an increase in deviator stress in either compression 
or extension to less than 10% at +0.75% strain level (Fig 4.17a).
It can also be deduced from the data in Fig 4.17b that a complete 
reappearance of these errors takes place after reversal of the paths 
from compression to extension or vice versa regardless of the number 
of cycles involved.
4.8.2 VOLUMETRIC DEFORMATION
The volumetric strains obtained from various stress path tests as 
recorded by the external volume change device are plotted against
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that calculated using axial and radial local measurement in Fig 
4.18a. ■ The resulting relationship is close to unity as long as the 
external volume gauge is recording a volume contraction. However, 
the results shown in Fig 4.18b illustrate that upon changing the 
flow direction (from contraction to dilation of the sample), the 
volume change recorded by the external gauge shows no immediate 
response in recording the reversal volume strain. This behaviour 
could give misleading predictions of volumetric strains.
The results presented above, thus, alerted the need to use local 
measurement not only for axial deformation, but also for volume 
measurement in order to achieve better accuracy.
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FIG. 4.5a PHOTOGRAPH OF THE FINAL VERSION OF 
THE LOCAL AXIAL STRAIN DEVICE
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FIG. 4.7 PHOTOGRAPH OF THE HALL EFFECT LOCAL 
RADIAL STRAIN MEASURING DEVICE
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FIG. 4.11 FINAL SET-UP OF THE LOCAL STRAIN 
DEVICES
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5.0 TEST PROCEDURE AND TESTING PROGRAMME
5.1 TESTING PROCEDURE
5.1.1 MATERIAL USED
The material used throughout the study was a fine Leighton Buzzard 
sand. It was a subangular uniform quartz sand with a particle size 
distribution as shown in Fig 5.1. The sand had a mean particle 
size (D5 0 ) of 0 .1 1 mm and a coefficient of uniformity Cu^D^o/d^o = 1 .6 . 
The specific gravity was 2.65 and it had a maximum and minimum 
density of 1.68 Mg/m^and 1.33 Mg/rn^respectively.
5.1.2 SAMPLE PREPARATION
The method used to prepare a saturated test specimen of sand was by 
depositing the sand through water in a way similar to that described 
by Bishop and Henkel (1962). Before preparing the specimen, the 
volume of the specimen was calculated, and knowing the desired dry 
density the dry weight of the sand required to achieve such a 
state could be calculated. The weighed air-dried sand was then 
poured into a container full of de-aired water and stirred 
thoroughly. The mixture was then placed in a vacuum desiccator jar 
for at least twenty minutes. It was found that this 
procedure was easier as well as being as efficient as expelling the 
air by boiling.
The rubber membrane was placed upon the pedestal and sealed by four 
rubber "0” rings which ensure a good seal. The back pressure line 
was then opened for a few seconds until water was flushed through 
the back pressure line into the inside of the rubber membrane.
This was done to ensure that the back pressure line was not blocked 
and that no air was trapped within it. A similar check was made to 
ensure that the suction line was not blocked by raising the burette 
while the valve was open allowing water to flush inside the 
membrane. As a result a small quantity of water was flushed inside
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the membrane above the pedestal. This ensured that no air was 
trapped after placing the bottom porous stone. A three-piece split 
mould was fixed around the membrane, and secured. A perspex 
former was used to hold the membrane above the sample mould, and 
raised and filled with de-aired water, so that the hydrostatic 
pressure would eliminate wrinkles formed in the membrane. The 
de-aired sand-water mixture at this stage was poured in a large 
funnel also filled with de-aired water. The lower outlet of the 
funnel was submerged into the water contained in the perspex 
extension former. The sand-water mixture was then allowed to flow 
through the water inside the membrane. The desired density was 
achieved by tapping the mould at certain intervals.
In order to obtain a sufficiently uniform density throughout the 
height of the sample, more tapping was made as the height of the 
sand level rose inside the mould. Preliminary practise on sample 
preparation control decided the suitable tapping interval to be used 
for any desired density. Furthermore, it was observed that sand 
deposition usually forms a slightly conical surface which indicates 
that tapping is not only necessary for achieving the required 
density but also for obtaining a stable packing arrangement. After 
the sand level reached the top of the mould, the flow of sand was 
stopped and the surface of the sand was levelled up to accept the 
porous stone and top cap. A suction of about 5 to 7 kPa was then 
applied to the test specimen in order to hold it in position while 
removing the split-mould without much disturbance. The sample 
height was then measured with a ruler within +0.5mm as an average of 
three measurements at three different positions. The sample 
diameter was measured using a vernier caliper to within +0 .1 mm at 
three positions along the height of the sample.
The dry weight of the sand was determined at the end of each test 
after placing the saturated sand into the oven. However, a slight 
variation in the resulting density was obtained from one test to 
another (Table 5.1). This was not significantly large for the 
majority of tests carried out in this work. It should be noted
153
that the tolerance in sample dimension measurement and weighing the 
sand could contribute to this recorded small variation in density.
5.1.3 TEST SET-UP AND EXECUTION
After sample preparation, the local strain measurement devices were 
installed following the procedure described in the previous chapter. 
At this stage all system controllers and peripheral devices were 
switched on and the computer program loaded. Before running the 
program, the diskette containing the special utility program used 
for fast labelling must be left inside disc drive "0". After 
pressing RUN on the keyboard, this binary program will be loaded 
automatically and a space in the electronic disc will be allocated 
for later storing of the graphics, at the end of the test.
Following this stage the program interactively directs the user 
to conduct the required operations through the special function keys 
as follows;
press K1 = Read and display devices status 
K12 = Start test 
K14 = Exit
It was found advisable before starting any test to check that all 
devices were in working order, by pressing Kl. The Hall Effect 
local measurement devices were then adjusted to their middle linear 
range.
The cell top could then be carefully placed in position and the load 
cell screwed into the top cap, the external displacement transducer 
positioned, and the cell filled with water. When it was desired 
to start the test, K12 was pressed and the steps described in Fig
5.2 were followed.
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5.1.4 TEST CALCULATIONS
The typical printed output obtained during running a test in the 
automated stress path system is given in Fig 5,3. The data are 
also stored on file in the same format. It can be seen that in the 
first four columns, the data are readily given in engineering units 
while in the following three columns they are given in digital units 
(Bits). The radial and axial stresses in the first two columns are 
calculated by the computer program from the signals from the 
pressure transducers and local cell using calibration factors 
prespecified in the program. When the deviatoric stress is 
required it can be obtained from the subtraction of the tv/o using 
the data processing program (see Chapter 3), The following two 
columns (3 and 4) of data contain the external measurement of 
strains, namely axial and volumetric strains obtained from the 
displacement transducer and volume change unit, and both are given 
by the computer program as a percentage. All strains used 
throughout the results presented in Chapter 6  are based on the 
central third of the specimen, i.e. from the data shown in the 
last three columns (5,6 and 7) in Fig 5.3 after they have been 
converted to engineering strains by the data processing program.
The sign convention used, is that all strains leading to a 
reduction in height, diameter or volume are considered to be 
positive. For example volume contraction and dilation give 
positive and negative volume change respectively. Following this 
convention, the results presented in Chapter 6  are expressed in 
terms of the shear (6 s) and volumetric (6 v) strains which are 
calculated as follows;
Eg = (ca - Gr)
and cy = (ea + 2er)
where,
6 a = local axial strain 
6  ^= local radial strain
and in terras of Cambridge effective stress parameters, namely
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deviator stress (q) and effective mean normal stress (p'), 
calculated as;
q = (oa' - Or' )
p' = l/3(oa' + )
where
/
Cfà = effective axial stress 
Cff = effective radial stress.
5.2 TESTING PROGRAMME
5.2.1 DETAILS OF TESTING PROGRAMME
All tests included in the testing programme were conducted with the 
use of the newly developed automatic stress path system (see Chapter 
3), incorporating the Hall effect devices for measuring local axial 
and radial deformations (see Chapter 4). Specimens of fine 
Leighton Buzzard sand, 102mm x 205mm nominal dimensions were 
prepared at a single average void ratio (medium dense) of 68.5%.
The tests were stress controlled, fully drained and used a back 
pressure of 80kPa. The required rate of testing was set at 200 
kPa/hour in all the stress paths included in the testing programme.
The sample preparation and set-up of the instrumentation normally 
took at least twelve hours (including allowance for the latex to 
set, see Chapter 4). The average test time was about fifteen 
hours, although some complex tests took up to two days.
Due to the considerable amount of time spent during the development 
of the instrumentation, it was desirable to obtain as much 
information, when designing the stress paths, with a minimum 
number of tests. However, the stress path tests were set to 
satisfy the following requirements:
(a) to be able to cover a wide range of stress paths in both 
compression and extension triaxial stress space.
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(b) to allow comparison of strains at certain common points 
approached by different stress paths.
(c) to include unload-reload cycles in order to isolate the 
recoverable components of strain.
(d) to be able to form a base for comparison between non-reversal 
and reversal stress paths.
The testing programme consisted of three series of stress paths as 
described in the following:
(a) The first series of tests consisted of simple non-reversal 
stress paths in which the specimen was first consolidated 
isotropically to a certain value of mean normal stress p', 
and then sheared until failure either in compression or 
extension, by increasing the deviator stress q, and keeping 
p ’ constant. This series also included some tests 
performed at a constant stress ratio (q/p*) (Fig 5.4).
The purpose of these tests was to investigate the basic 
yielding behaviour of the sand in both compression and 
extension and to obtain stress-strain data for virgin loading 
paths for comparison with other reloading stress paths 
resulting from other tests involving cyclic stress reversals. 
This series also included tests involving loading-unloading 
stress paths without stress reversals either with constant p ' 
or constant stress ratio (q/p'). The results from these 
tests were used for evaluating recoverable strain components.
(b) The second series involved simple cyclic stress reversal 
paths. The samples were first either consolidated or 
over-consolidated isotropically, then subjected to a number 
of stress reversal cycles from compression to extension and 
vica-versa, cycling between two equal constant stress 
ratios, following the pattern shown in Fig 5,5. During 
each cycle the mean normal stress p ' was either maintained 
constant or varied. In some of the tests the stress
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reversal cycles were applied between two unequal stress 
ratios.
These tests were designed to investigate the mode of yielding 
of the sand during drained cyclic stress reversal loading. 
Furthermore, both the influence of mean normal stress and 
consolidation history were investigated.
(c) The tests included in this series were designed to provide 
data for the construction of yield loci in triaxial stress 
space. The method adopted for this purpose is similar to 
that suggested by Poorooshasb et al (1966, 1967). The
yield loci were established on the compression side as well 
as the extension side as a result of non-reversal stress 
paths (see Figs 5,5 and 5.6). The method was extended to 
construct yield loci on either side of the isotropic after 
stress reversal. Therefore, by comparing both resulting 
yield loci, the mechanism of yielding and the kinematic 
changes in the position of such yield loci due to stress 
reversal paths were investigated. More complex stress paths 
were also performed in order to examine the validity of the 
previously established yield loci. Some special tests were 
conducted to investigate the influence of Ko-consolidation 
and overconsolidation on the resulting yield loci (Fig 5.7).
5.2.1 INDEXING AND FILING OF TEST RESULTS
The indexing procedure adopted for naming the files on which test 
data are stored, was made as much as possible according to the 
nature of the stress paths involved in a particular test. 
Combinations of letters and numbers were used for this purpose as 
briefly described below:
A-, B-, C- : define name of test series
C, E : start of shearing path in compression or
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extension
M, D, U, H, T ; define stress path direction in stress space
as shown in Fig 5.8 
0  : overconsolidation
KO : Ko-consolidation included 
K ; paths under constant stress ratio 
1, 2, 3 : isotropic consolidation (e.g. p' = 114, 200,
320)
However, due to the complex nature of some of the tests, this 
indexing became inefficient in giving a clear idea of the sequence 
of stress paths applied in a particular test. The reader should 
therefore, refer to Table 5,1 for details.
159
test
series
test
name
void
ratio
fig
no.
stress path followed file
name
A MCI 67.6 5.4 0 A a A g A j A - M C l
MG 2 6 9 . 3 I 0 E c E h E k A-MC2
MC3 69.3 II 0 H e H i H 1 A - M C 3
MEl 6 6 . 5 II 0 A y' A V' A j' A-MEl
M E  2 68.5 II 0 E c' E h' E k' A-ME2
ME3 67.5 It 0 I e' I i‘ I r A-ME3
KCl 69.1 II 0 f 0 i 0 r  0 A-KCCE
K C 2 66.5 II 0 i 0 f 0 f  0 A-KCCE2
K E l 67.3 II 0 f' 0 f' 0 1' 0 i 0 A-KEEC
KAMI 6 8 . 5 5.7 0 n A-ANRCl
B RCl 7 2 . 6 5 . 5 0 E h h' E i g ‘ E g 
i' E
B-MDUC2
R C 2 6 9 . 6 II 0 E h h' h h' E i g' 
E g i' E
B-2MDUHC2
RC3 67.9 II 0 E c h' h h' w h' E B-MVDUC2
REl 70.1 I 0 E h ‘ h E g' i E i' 
9  E
B-MDUE2
RE2 6 8 . 3 11 G E h '  h h '  h E i '  g 
9' i E
B-2MDUHE2
RE3 67.6 II 0 E o' h h' h B-MVE21
• ROCl 67.9 II O L E h h ' E i g ' E q  
i' E
B-MDU0C62
ROEl 6 7 . 1 II 0 L E h' h E g' i E 
1 '  g  E
B-MDU0E62
Table 5.1 Summary of the tests included in the testing 
programme
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test
series
test
name
void
ratio
fig
no.
stress path followed file
name
C CCI 66.9 5.5 0
E
i'
E b E c E d E f E g  
h E i E g' E h' E
E
C-UMDHCCE2
CC2 68.8 5.6 0
f
c
i'
B b B E c E F d F J  
J A g a r h c s  i H  
g ' z ‘ E r ' h ’ c ' s' 
I
C-MVCCE
CC3 67.2 5.5 0
h'
E g E h E i E i' E 
E g' E
C-UMDC22
CC4 68.8 5.5 0 E V m u t X m ‘ x' C-HTCE2
CC5 70.1 5.5 0 E i E h E g E C-DMUC2
CEI 67.9 5.5 0
E
h
E b' E c' E d* E f  
g' E h' E i' e g E
E i E
C-DMUHEC
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CE2 67.5 5.6 0
G
E
s
D b' D E c' E G d' 
K f' K C g' C E h' 
I i ' l A g a r h c  
i H
C-MVEEC
CE3 70.6 5.5 0
E
E g' E h' E i' E i 
h E g E
C-DMUE22
CE4 66.3 5.5 0
z
E i ' E x' m' m u f C-UHEC2
CE5 72.6 5.5 0 E v' E V' E C-HMEU22
CKOl 67.6 5.7 0 1 h 1 i 1 f 1 E f C-K0PCE2
CK02 67.8 5.7 0 2 3 h 1 C-K00CE2
Table 5.1 continued
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S: nr m: e: F = -  F = i  ~ r  i - i -r l E S - r
TEST NAME/HO. = C-UMDC22 TEST DATE: 12/3/1987
SAMPLE HEIGHT: 207 MM SAMPLE DIAMETER: 101.6 MM
ESTIMATED TEST TIME 12.92 HOURS
.... STRESS PATH COORDINATE VALUES ....
COORD. NO. AXIAL PRESS. . LATERAL PRESS. RATE
1 ■ 10 10 0
2 200 200 200
3 200 71 200
4 200 200 200
5 350 125 200
6 200 200 200
7 560 200 200
8 200 200 200
9 200 450 200
10 200 200 200
11 109 245 200
12 200 200 200
13 62 141 200
14 200 200 200
TEST DATA.
DATA LATERAL 
HO. STRESS 
KPA
AXIAL AXIAL
STRESS STRAIN 
KPA %
VOLUMETRIC
STRAIN
y.
HALL EFFECT DEVICES 
CALIP. LEFT RIGHT 
BITS DITS BITS
1 9.3 10.2 0.000 -.005 -2253 -2497 -2410
2 20.5 20. 1 .010 .023 -2267 -2493 -2408
3 30.5 30.0 .019 .052 -2281 -2489 -2405
4 41.5 41.0 .029 . 083 -2296 -2485 -2403
5 51.8 51.3 .039 . 107 -2308 -2483 -2402
6 62.0 61.5 .046 . 132 “2320 -2480 -2401
7 72.8 72,3 . 053 .155 -2332 -2478 -2400
8 83.0 82.6 .060 . 176 -2342 -2475 -2398
9 94.8 94.4 . 068 . 198 -2353 -2472 -2396
10 105.5 105.0 .075 .218 -2363 -2471 -2395
11 115.8 115.3 . 082 . 236 -2371 -2468 -2394
12 126.0 125.5 . 087 .252 -2380 -2467 -2393
13 136.0 135.6 . 094 .268 -2387 -2465 -2392
14 148.3 147.8 . 101 .286 -2396 -2463 -2392
15 159.3 158.8 . 106 . 303 -2404 -2461 -2391
IS 170.3 169.8 . 114 .317 -2411 -2459 -2390
17 188.8 180.3 .118 .332 -2418 -2457 -23:89
18 191.8 191.4 . 123 .346 -2425 -2456 -2388
TIME TAKEN BY STRESS PATH NO. 1 IS .98 HOURS
19 199.5 199.0 . 128 .356 -2431 -2456 . -2388
351 195.5 190.7 -.287
TIME TAKEN BY STRESS PATH NO. 13
352 199.5 199.5 -.227
DATA STORED ON FILE C-ÜMDC22 
HO. OF DATA READINGS 352
IS
.665 -2868
.84 HOURS 
.672 -2869
-2653
-2649
-2629
-2626
fig. 5.3 Typical output of test data 
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6.0 RESULTS AND DISCUSSION
6.1 INTRODUCTION
In this chapter, the results obtained during a testing programme 
carried out to investigate some aspects of the yielding behaviour of 
a sand will be presented and discussed. All tests reported here 
are conducted with the use of the automated stress path system 
incorporating the Hall effect local strain measuring devices 
described in Chapters 3 and 4 respectively. The series of tests 
presented here covered a wide range of stress paths in both 
compression and extension and a combination of both as described in 
Chapter 5.
The stress-strain data obtained throughout the testing programme are 
shown graphically in Appendix C in terms of stress ratio against 
axial strains and radial strains.
6.2 GENERAL STRESS-STRAIN BEHAVIOUR DURING NON-REVERSAL STRESS 
PATHS
6.2.1 BEHAVIOUR IN COMPRESSION
The typical stress-strain behaviour of fine Leighton Buzzard sand 
when subjected to a variety of stress paths limited to the triaxial 
compression stress region will be presented in this section together 
with discussion of the main features observed during such tests.
The resulting shear strains and volumetric strains during various 
constant stress ratio tests can be seen in Figs 6.1 and 6.2, 
plotted against the mean normal stress (p’). It can be seen that 
the resulting shear strains increased with the increase in the 
applied constant stress ratio. The volumetric strains do not 
change greatly with an increase in stress ratio until a certain 
value is exceeded ( q /p= 1 .0 ), above which significant volume change 
is observed. Furthermore, it is seen that while the majority of 
volumetric deformations were recoverable (as is seen from a
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comparison with the unloading curves), the majority of shear 
strains are shown to be plastic. It should be noted that this 
latter observation does not apply in the case of the Ko stress path 
since some plastic shear strains may take place during unloading. 
This is due to the restraining of the sample to prevent lateral 
deformation.
The shear-strain behaviour during deviatoric stressing was 
investigated by performing a series of stress path tests as 
schematically illustrated in Fig 6.3, Paths MCI, MC2 and MC3 were 
conducted so that each sample was first isotropically consolidated 
to a value of p ' of 114, 200 or 320 kPa, and then sheared by
increasing only the deviator stress, q, keeping p ' unchanged.
Paths UC, DC and HC were conducted after each sample was 
isotropically consolidated to p ’ = 200 kPa. The first sample was 
sheared by increasing the deviator stress with the value of p' 
decreasing (path UC). The second sample was sheared by increasing 
both deviator stress and p' (path DC), In the case of the third 
test (path HC), the sample was sheared in a similar way to DC, but 
with a larger rate of increase in p ' and was extended to a lower 
stress ratio than the others (due to the limitation of the 
apparatus; see Chapter 3.0).
The resulting shear strains during these tests are plotted against 
the stress ratio, as shown in Figs 6.4 and 6.5 and the volumetric 
strains are plotted in Figs 6 . 6  and 6.7. The following are the 
main observations;
(a) The stress ratio shear strain response, in the case of 
stress paths performed at constant p ’, show a softer 
response as the value of p* increases (Fig 6.4). This type 
of response is observed almost from the start of shearing.
(b) Stress paths UC and DC, conducted with a variable p ’, show 
a similar softening response with an increase in mean normal 
stress p ', as described in (a). Path HC shows a generally
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similar trend, but is not clearly observed from the start of 
shearing. This is attributed to the influence of inherent 
anisotropy which causes some negative shear strains to 
develop during a large increase in the isotropic component of 
stress. (The influence of inherent anisotropy will be 
discussed in more detail in subsequent sections).
(c) By comparing the unloading curves shown in Figs 6.4 and 6.5, 
it can be seen that the slope of the unloading path is 
slightly increased as the value of p ' increases. Hence, if 
it is assumed that on unloading samples behave totally 
elastically, there is evidence of more recoverable shear 
strains observed during tests where the shearing stage was 
performed at a higher p ’, or conducted with an increasing 
value of p ’.
(d) In general, the contractive volumetric strains exhibited by 
the sand below the limit of dilation are relatively small. 
During stress paths performed with constant p ’, there is no 
significant volume change until the sand starts to dilate and 
then it exhibits a large volume change. The stress ratio at 
which dilation starts to occur was found to be approximately 
the same for all stress paths and equal to q/p' = 1.03.
Hence, there seems to be broad agreement with the 
findings of Frydman et al (1973) and also with Habib and 
Luong (1978) who later, named this the "Characteristic State".
(e) Below the Characteristic State, contractive volume change 
developed in the case of stress paths DC and HC, in which 
the shearing stage took place with increasing p*. In 
contrast expansive volume change took place almost right from 
the beginning of shearing along path UC in which p ' was 
decreasing. This resulting behaviour indicates that the 
change in volume is largely dependent on the change in the 
mean normal stress, p*. Furthermore, the strains are 
mainly recoverable as seen by comparing the unloading paths, 
although the irrecoverable component of strains increases 
with increasing p '.
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6.2.2 BEHAVIOUR IN EXTENSION
The behaviour of a sand under constant stress ratio in extension 
generally shows a similar trend to that in compression. The 
resulting shear strains and volumetric strains obtained during 
constant stress ratio tests in extension are plotted against the 
mean normal stress in Fig 6 .8 . It is seen that the total magnitude 
of strains obtained during constant stress ratio testing in 
extension is greater than that obtained from the same constant 
stress ratio in compression (see also Figs 6.1 and 6.2). The 
irrecoverable component of deformation is also greater in extension 
than in compression.
The stress-strain behaviour during deviatoric stressing in extension 
was investigated by performing a series of stress path tests as 
illustrated in Fig 6.9. During paths MEl, ME2 and ME3, the 
samples were first isotropically consolidated to values of p ’ of 
114, 200 and 364 kPa respectively, and then sheared in extension
while keeping p ' constant. In the case of stress path HE, the 
value of p ' decreased during shearing, whereas it increased in the 
case of UE. The resultant shear strains for all tests are plotted 
against effective stress ratio in Figs 6,10 and 6,11; the 
volumetric strains are plotted, in Figs 6.12 and 6.13. The results 
presented in these figures show some similarities in behaviour in 
both compression and extension represented by the following:
(a) A softer response of the shear stress-strain curve with an 
increase in p'.
(b) An increase in the recoverable component of shear strains 
with an increase in p', which can be seen by comparing the 
unloading curves.
However, the main differences in the behaviour between deviatoric 
stress paths in compression and in extension can be summarized below 
as observed from the series of tests presented above.
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(a) The total shear strains are of a larger magnitude in 
extension than in compression, sometimes as much as two 
times greater, even though deviatoric stress paths in 
extension were extended to a lower value of stress ratio than 
in compression.
(b) The Characteristic State where large volume dilation starts 
to occur was found to be at a stress ratio q/p' = -0.75 in 
extension,
(c) For stress paths performed with constant p ' (MEl, ME2 and 
ME3), it can be seen that all samples show volumetric 
contraction. Furthermore, on unloading, no sign of 
recoverable volume can be seen, but rather a small extra 
volume change occurred in the samples. The amount of 
plastic contractive volume strain is less in the case of test 
MEl than tests ME2 and ME3. Although the shearing stage 
during tests ME2 and ME3 started at different values of p', 
they both produced approximately similar magnitudes of volume 
change.
(d) Deviatoric stress paths with increasing p' (UE) and paths 
with decreasing p ' (HE) show different patterns of volume 
change characteristics to that described above (i.e. paths
following constant p ’). In the case of stress path UE, for
which p ' increased during shearing, the volumetric strains
are contractive but mostly recoverable as seen by comparing 
the unloading path. Path HE produced some expansive volume 
change but again it was mostly recoverable.
6.2.3 FURTHER DISCUSSION ON THE BEHAVIOUR IN COMPRESSION AND 
EXTENSION
The striking feature of the stress-strain behaviour of sand, as 
observed in the test results presented in the above sections, is 
the substantial difference in deformation resulting in compression 
and extension. The main cause for this is the inherent anisotropy, 
shown by many investigators (Oda, 1972; El-Sohby and Andrawes,
1972; Arthur and Menzies, 1972 and Ochiai and Lade, 1983) to be a
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result of the particulate material forming an anisotropic structure 
upon deposition. This structure is weaker when the mass is loaded 
in a direction perpendicular to the direction of deposition than in 
the direction coincident with the direction of deposition (Arthur 
and Menzies, 1972). Even though the influence of inherent 
anisotropy may be minimized when testing densely packed spherically 
shaped particles, it cannot be completely isolated. As El-Sohby 
and Andrawes (1972) noted, for isotropic material tested under an 
isotropic loading condition, both axial and lateral strains will be 
equal. Therefore, any deviation from this indicates that the 
material is anisotropic. They also considered that during 
unloading, after either isotropic loading or constant stress ratio 
loading, the sand behaves isotropically.
The results obtained during the present work from various constant 
stress ratio tests are plotted in Fig 6.14a in terms of axial versus 
radial stress paths. It is interesting to note that approximately 
linear strain paths result, even for the case of constant stress 
ratio paths in extension which generalized the observation of 
El-Sohby and Andrawes, 1972. However, a closer look at the 
unloading strain paths (Fig 6.14b) indicate that the resulting 
magnitude of strain ratios (6 a/ 6 r) are close to the corresponding 
stress ratio (Oa/CJr) which again shows that the behaviour during 
unloading can be considered isotropic. However, this conclusion 
does not necessaarily apply in the case of unloading paths at high 
stress ratios. An example of this can be seen in Fig 6.14b where 
the unloading strain path, after achieving a higher stress ratio in 
extension, become noticably curved. The results demonstrate that 
during such cases the sand may be considered to behave mainly 
elastically but not usually isotropically.
The comparison of strains developed during constant stress ratio 
tests and deviatoric stress path tests at prescribed points can be 
further discussed here aiming to assess the influence of the way in 
which the induced anisotropy is imposed on the sand. However, for 
an ideal elastic material, which remains isotropic after loading.
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the stresses measured at a point are independent of the path by 
which this point is approached and are only dependent on the state 
of the stress at this point. Contours for plastic strains have 
previously been established by some investigators (Tatsuoka and 
Ishihara, 1973; Tong, 1975 and Vermeer, 1981). These authors 
have suggested that plastic strain contours can be used to predict 
the plastic strains independent of the stress path direction. Tong 
(1975) also reported that the shape of the plastic axial strain 
contours have a similar shape as the yield loci. The concept of 
strain contours is based on the idea that the magnitude of strains 
evaluated at certain stress states should be the same irrespective 
of the path by which this state has been approached,
Gerrard (1967), on the other hand, compared the total axial and 
radial strains obtained from two stress paths crossing at a common 
point, ■ where the states of stress in the two tests are identical. 
His results showed that both axial and radial strains measured at 
the common point are not the same for two different stress paths. 
Gerrard (1967) related the difference in behaviour observed in the 
two tests to the difference in CToct - Toct histories, since CToct 
can be regarded as a measure of stiffening and Toct can be regarded 
as a measure of the disruption. Therefore, if two samples are 
eventually subjected to the same stress states, then the sample 
that is initially subjected to a relatively higher CToct would be 
expected to show a stiffer response.
Further investigation into this can be made considering a wider 
range of stress path data as illustrated in Fig 6,15a. The set of 
stress paths consist of constant stress ratio and deviatoric stress 
paths in both compression and extension. Both kinds of stress 
paths were designed in such a way that some deviatoric stress paths 
can meet a constant stress path at certain prescribed points, as 
denoted alphabetically in Fig 6.15a. The resulting strain paths 
are shown in Fig 6.15b. It is interesting to note that the 
prescribed points do not coincide in the case of the strain paths. 
Furthermore, if a line is drawn to join such points resulting from
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deviatoric strain paths, it can be seen that this line does not 
coincide with the strain path resulting during the constant stress 
ratio test. This observation is more pronounced when a comparison 
is made in extension than in compression, which may be attributed 
to the influence of inherent anisotropy in the sand. These results 
may suggest the validity of the explanation given by Gerrard (1967) 
stated above. Hence, construction of unique plastic strain 
contours at a low to moderate deviatoric stress level may not be 
possible and may lead to serious errors in the prediction of 
deformation since sand seems to memorize its consolidation history 
at these stress levels. However, this does not mean that it is 
not possible to construct plastic strain contours at relatively high 
deviatoric stress levels when large changes in the internal 
structure occur which erase the influence of the previous 
consolidation history.
The results presented above also mean, • for the same reason, that 
the use of superposition to predict deformation, as suggested by 
Hanrahan (1984) in his e|^  - eg model, cannot be applied for sand.
Another important point can be discussed here in light of the 
results presented in the above sections. These indicate that no 
significant volumetric strains were observed below the limit where 
dilation starts to take place, (the Characteristic State of Habib 
and Luong (1978)). In extension, however, volume change 
characteristics were found to be more complicated and the pattern of 
volumetric strains were found to be different to those in 
compression. Furthermore, volumetric contraction was recorded 
below the Characteristic State in extension which seems to 
contradict the generalized assumption of Frydman et al (1973), that 
no volume change could occur during only a change of deviator stress 
in either compression or extension. This is, perhaps, because 
the use of glass microspheres throughout their testing programme 
could have reduced some of the complexities which exist in real 
particulate material.
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6.3 GENERAL STRESS-STRAIN BEHAVIOUR DURING STRESS REVERSAL
The stress-strain behaviour during stress reversal was investigated 
by carrying out a series of tests (RCl, RC2, RC3, REl, RE2 and 
RE3) illustrated in Fig 6.16. During these tests all samples were 
first consolidated isotropically to a mean normal stress p' = 2 0 0  
kPa before starting the shearing cycles. In the first three tests 
(RCl, RC2 and RC3), shearing started in compression, whereas.in 
the second series (REl, RE2 and RE3) it started in extension. The 
sequence of applications of stress paths and cycles are according to 
the sequence of numbering denoted on Fig 6,16. All cycles were 
carried out between two prescribed stress ratios'of 1.125 and -0.68 
in compression and extension respectively, except during tests RC3 
and RE3 where cycling was between fixed magnitudes of stress ratio 
on either side of the isotropic stress state and with an increasing 
magnitude of stress ratio as cycling proceeded. The stress paths 
involved in tests RCl and REl differ from those in tests RC2 and RE2 
in the sense that the first pair involve no repetitive cycling along 
the same stress path whereas the first two cycles in the second pair 
of tests were performed along the same stress path with constant p '. 
Since it was not a major aim of the present investigation to study 
in detail the influence of a large number of cycles on the 
subsequent stress-strain behaviour of sand, all tests were limited 
to only four cycles. The drained behaviour of sand under a large 
number of cycles can be found elsewhere (e.g. Tatsuoka and 
Ishihara, 1974 and Habib and Luong, 1978). Results obtained from 
some special tests will be included where necessary, in order to 
clarify certain points in the discussion.
Figs 6.17 and 6.18 show the typical shear strains and Figs 6.19 and 
6 . 2 0  show the typical volumetric strains developed during stress 
reversal tests RC2 and RE2. The main features of the behaviour as 
observed during these tests and other similar tests (see Fig 6.16) 
can be summarized as follows:
(a) There is a "repeated" development of plastic shear strains
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with the stress reversals up to the end of the fourth cycle. 
This can be seen occurring whether the start of the shearing 
stage is in compression or extension and regardless of the 
path followed during reversals. There is also no sign of 
reaching completely recoverable shear deformation even at the 
end of the fourth cycle,
(b) Volume contraction developed with increase in the number of 
cycles until mainly recoverable volumetric strains were 
achieved in the fourth cycle. The volumetric strain became 
dilative after a certain limit stress ratio (q/p' >1,03) was 
attained (the Characteristic State as defined by Habib and 
Luong, 1978). This effect was found to exist only on the 
compression side; no sign of dilation was seen on the 
extension side (Figs 6 . 6  and 6.7), presumably because all 
stress paths in extension ended before the Characteristic 
line was reached (see Section 6,2). It seems from the 
resulting volume change characteristics, after reversal in 
compression, that the characteristic state represented by 
the change from volume contraction to dilation remains 
unchanged with the increase in the number of cycles or 
direction of stress path. This is in agreement with the 
findings of Luong (1980).
(c) Although there is a tendency for a stiffening in the response 
during the subsequent stress reversal cycles between two 
equal stress ratios, increasing the level of prestress 
causes a softer stress-strain response in a subsequent cycle. 
This can be seen in Fig 6.21 by comparing two stress-strain 
curves in extension, one after the sample has been 
prestressed in compression to a stress ratio of 1.125 and the 
other after the same sample has been subjected to a higher 
level of prestress at a stress ratio of 1,25. Both plots of 
shear strains and volumetric strains show a softer response.
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6.3.1 INFLUENCE OF STRESS PATH AND STRESS HISTORY DURING STRESS 
REVERSAL
During non-reversal stress paths (described in Section 6.2), it was 
shown that stressing along paths with increasing p ' produced a 
softer stress-strain response than those with constant or decreasing 
p ’. Some of the stress path tests involving stress reversal have 
been designed to investigate the existence of such stress path 
dependency during stress reversal loading.
Results obtained from four tests on identical samples are shown in 
Fig 6.22. Two were subjected to the same deviatoric prestress in 
extension before one of them was further subjected to stress 
reversal along path U (decreasing p ’) and the other along path D 
(increasing p ') are illustrated in Fig 6.22a. The second pair of 
samples were subjected to the same deviatoric prestress in 
compression before one of them was further subjected to stress 
reversal along path U (increasing p') and the other along path D 
(decreasing p ') as illustrated in Fig 6.22b, All reloading 
portions of stress-strain curves after stress reversal are plotted 
together and to the same origin in terms of stress ratio against 
shear strains in Fig 6,22c and against volumetric strains in Fig 
6.22d. The results indicate that reversing in compression along 
paths with an increase in p ' show a softer shear strain response and 
greater volume contraction. It is also interesting to note that 
while volumetric strains in the case of path U always show a 
dilation response, after stress reversal some contraction in volume 
appears to take place. In contrast, reversing in extension with 
different stress paths shows no significant effect on either shear 
strains or volume change.
This type of behaviour is observed even after a sample is subjected 
to a number of stress reversal cycles. Fig 6.23 shows 
stress-strain curves obtained during only the third cycle of tests
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RCl and RC2, in which the third cycle in the case of test RCl is 
performed along path U and in the case of RC2 is performed along 
path D (see Fig 6.16). These results also indicate a noticable 
softening with increasing p ’ in compression, but this is not very 
pronounced in extension. However, in the light of these results, 
it can be concluded that stress reversal from extension to 
compression does not affect the stress path dependency which is 
observed during non reversal paths, whilst it seems to be affected 
by stress reversal from compression to extension.
In order to investigate the effect of isotropic overconsolidation on 
the subsequent stress-strain behaviour during stress reversal, two 
special tests were conducted. Each sample was subjected to 
isotropic consolidation at 600 kPa and unloaded to 200 kPa (OCR = 3) 
before shearing. During the first test the sample after 
overconsolidation was subjected.to the same cycles of stress 
reversal paths as the case of test RCl; the second sample was 
subjected to similar stress paths as test REl (see Fig 6.16). The 
data obtained from both tests are presented in terms of shear and 
volumetric strains in Figs 6.24 and 6.25 respectively. It can be 
observed generally that overconsolidation has no significant 
influence on the sample which was first sheared in compression. In 
the case of results obtained from the second test, they vary from 
normally consolidated behaviour only on the first shearing stage, 
creating a stiffer response which appears in both the shear and 
volumetric strain curves. However, it has been observed when 
comparing those results with similar results obtained from normally 
consolidated samples, that even the effect of overconsolidation in 
extension is completely erased by the subsequent cycles of stress 
reversal.
6.4 ELASTIC (RECOVERABLE) STRAINS
Previous investigations into the elastic behaviour of cohesionless 
soils have shown that strains during unloading are mainly 
recoverable (e.g. Ko and Scott, 1967; Holubec, 1968 and
El-Sohby, 1969). For soils, since some plastic strains often
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occur from the beginning of loading, the recoverable component of 
strains can only be isolated during unloading-reloading cycles.
For simplicity, the term "elastic" used throughout this work means 
the recoverable component of strains obtained during 
unloading-reloading cycles, therefore neglecting the effect of 
hysteresis which often develops because of some slip in the particle 
contact which may take place on unloading (Cole, 1967 and Hardin, 
1978).
The elastic component of strains is required to be isolated from the 
total strains in order to obtain the plastic component to be used to 
investigate the plastic strain increment vectors (see later 
sections).
El-Sohby (1969) suggested that the elastic compressibility of a sand 
under hydrostatic pressure can be calculated using a power equation 
similar to Hertz's two-third law. Coon and Evans (1971) approved 
El-Sohby's suggestion and added that recoverable triaxial behaviour 
of a granular soil can be adequately described by a first order 
constitutive law.
The elastic component of strains obtained from various tests 
conducted under hydrostatic pressure, assuming totally elastic 
strains are developed during unloading, was found to fit a power 
curve similar to that suggested by El-Sohby (1969) but rather 
different in detail. Hence, the equation for elastic strain takes 
the following form;
= Apk  6.1
where i represents the direction of strains (axial or radial), A 
and k are constants found to equal 0.137 and 0.789 respectively.
This equation assumes that equal elastic axial and radial strains 
take place during hydrostatic unloading which, despite the initial 
anisotropy of the material, was seen to be approximately true from 
the data.
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Results obtained from deviatoric stress paths performed at various 
initial values of p ’ (Figs 6,3 and 6.10) show further elastic 
strains developed during increase in deviator stress q only. It 
was observed that the stress paths involving a greater increase in q 
to reach a similar stress ratio, produce more recoverable strains. 
This indicates that during deviatoric stress increase the 
recoverable component of strain does not depend on the stress ratio 
but on the magnitude of deviator stress q. Recoverable strains 
isolated from various deviatoric stress path tests show that the 
relationship between the applied deviator stress and the developed 
elastic strains is approximately linear and can be expressed as;
ei = Biq 6.2
where B;is a constant in which its value varies depending on the 
type of test (extension or compression) and the direction of 
straining (axial or radial) as tabulated below;
type of test direction of straining value of B|
compression axial 0 . 0 2 1
radial -0 . 0 1 2
extension axial 0.033
radial -0 . 0 1 1
Thus, an elastic component of strain during stress paths involving 
both change in p* and q can be calculated by superposition, 
assuming ideally elastic behaviour in which strains depend only on 
the state of stress and are independent of stress path. Hence
ei® = AP*^  + Biq 6.3
This expression was used to determine the contours of elastic axial 
and lateral strains in both compression and extension:these were 
constructed in p - q stress space as shown in Figs 6.26 and 6.27. 
These elastic strain contours are very similar in both compression 
and extension but they do not form a mirror image as expected for an 
ideally isotropic elastic material.
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6.5 YIELD LOCI
In this section a family of yield loci will be constructed from the 
data obtained from a series of complex stress paths in both the 
compression and extension stress regions. Their ability to 
describe the yield condition in Leighton Buzzard sand during various 
types of non reversal stress paths will be shown. Finally the 
influence of stress reversal on such established yield loci will 
also be discussed.
6.5.1 DEFINITIONS OF YIELD
In order to determine the possible shape of the yield loci 
experimentally, it is necessary to identify a distinct position 
when yield starts to take place. In the case of a continuously 
work-hardening material such as sand, it is not easy to define a 
specific yield point. Various.methods have been employed to define 
the yield point stress. Haythornthwhaite (1968) described some of 
the commonly used definitions applied to a typical stress-strain 
curve as illustrated in Fig 6,28a. Perhaps method (5) is the most 
widely used for defining the yield point on the stress-strain curve 
of soil, especially when determining the preconsolidation 
overburden pressure from the results of consolidation tests. Both 
Poorooshasb et al (1966) and Tatsuoka and Ishihara (1975) have 
employed a similar method to determine the shape of the yield loci. 
On the other hand, Tong (1975) and Tatsuoka and Molenkamp (1983) 
defined the start of yield as the point where both the reloading 
stress-strain curve and the virgin loading curve overlap.
Therefore, by shifting the origin of the reloading stress-strain 
curve along the x-axis so that the virgin curve overlaps it, an 
approximate yield zone can be determined by inspection (Fig 6.28b).
The major problem with using the former method (method 5) is that it 
needs a great deal of care in precisely positioning the two 
tangents. Tatsuoka and Molenkamp (1983) found some difficulties in 
using the latter method to inspect the yield point when reloading
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paths following a relatively large increase in the mean normal 
stress, p’. Furthermore, it required a virgin loading 
stress-strain curve to be obtained and examined alongside any 
reloading curve considered. For these reasons, the second method 
does not seem to be suitable to be employed in the present work.
It was found that yield points at relatively high deviatoric stress 
levels can be detected with the use of the former method (5), 
without much trouble. However, at low deviatoric stress levels, 
defining the yield positions became difficult in spite of the 
evidence that some plastic strains did occur. An alternative 
method was employed in order to overcome such problems. This 
method was based on the idea that when the sample is subjected to 
unload-reload cycles along the same stress path, the sample does 
not yield again until the .previous deviatoric stress level is 
exceeded (see, for example, stress-strain data shown in Fig 6.4). 
Hence, a distinct yield point can be observed at this stress level. 
This can be seen to occur whatever the stress level at which the 
unloading takes place.
If the data obtained from a typical stress-strain curve, (such as 
MC3 shown in Fig 6.4) where the two yield points identified at the 
end of each unload-reload cycle, is replotted (Fig 6.28c) so that 
all the reloading curves are started at the same origin together 
with the virgin curve, by drawing a tangent to the virgin curve at 
the origin, it is seen that this line passes through the two points 
identified previously from the unload-reload cycles as yield points. 
If an infinite number of unload-reload cycles are assumed to take 
place, the same number of yield points will be found to locate on 
the same tangent (see Fig.6.28c). Since this tangent represents 
the average magnitude of the elastic strains for a specific stress 
path, it will be termed the "Elastic Tangent". Stress paths in 
different directions will have correspondingly different elastic 
tangents, which can be either obtained from available unload-reload 
cycles or calculated using the strain contours presented earlier in 
section 6.4. Therefore, any new yield point can be determined, 
and will be at the intersection between the elastic tangent and the
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reloading curve.
Let us consider the two stress path tests shown in Fig 6.29. The 
first represents a loading-unloading path (1 ) followed by reloading 
along path (2 ), while the second involves loading-unloading along 
path (2 ) then reloading along path (1 ), i.e. the opposite to the 
first. The shear strains resulting are plotted against stress 
ratio in Fig 6.29b. In the case of the first test it can be seen 
that some plastic strains developed during reloading but not in case 
of the second test, unless continued to a higher stress ratio. 
Following the method described above, a yield point appears on 
the curve corresponding to the first test. In contrast no yield 
point is seen on the curve corresponding to the second test since 
the reloading curve is stiffer than the elastic tangent. It is 
expected that a new yield point may appear as the extended 
stress-strain curve intercept with the elastic tangent (point Ya).
In comparison, method (5) shows that the yield point resulting for 
the first sample is very near to that determined by the method
described above. However, the scatter is not large.
Therefore, the suggested method can be safely adopted to determine 
the yield condition from the data obtained during the present work.
6,5.2 CONSTRUCTION OF YIELD LOCI
The method suggested by Poorooshasb et al (1966) and used by 
Tatsuoka and Ishihara (1975), is employed to determine segments of 
yield loci in the triaxial compression and extension stress regions. 
Each segment is a single line joining two pre-specified points.
The first point is at the greatest past shear stress ever 
experienced by the sample and the second represents the next state 
of stress at which new yielding starts. The data obtained during a 
series of multi-stage tests was.used for this purpose. Typical 
stress-strain curves obtained from such tests can be seen in Figs 
6.30 and 6.31, plotted in terms of shear stress against deviator 
stress. The yield points identified are marked on those curves.
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As a result, segments of yield loci have been constructed in both 
triaxial compression and extension stress space as illustrated in 
Fig 6.32. Difficulty was found in determining any distinct yield 
point from the results of stress paths involving reloading at large 
rates of increase in p ’, since only small plastic strains occurred.
Some of the segments illustrated in Fig 6.32 have been repeatedly 
reproduced as a result of different stress path tests irrespective 
of the sequence of loading-unloading followed during those tests. 
Furthermore, they seem to be unaffected by the pre-shearing to a 
lower stress ratio before stressing again to a higher ratio (see 
Figs 6.30a and 6,30b).
The segments of yield loci constructed above for both compression 
and extension stress space (Fig 6.32), deviate from the constant 
stress ratio lines radiating from the origin, as p ' increases.
This indicates that the shape of a complete locus is a curve which 
radiates from the origin, which is generally in agreement with the 
findings of Poorooshasb (.1971) and Tatsuoka and Ishihara (1975). 
These previous investigations of the shape of yield loci were 
limited to triaxial compression stress space and implicitly assumed 
that the sand is isotropic, and that the shape of any yield locus 
can be considered identical on both sides of triaxial stress space. 
The yield segments found during the present investigation in both 
compression and extension (Fig 6.32) demonstrate more pronounced 
curved loci in extension than those in compression.
Poorooshasb (1971) suggested the following equation to determine 
uniquely such yield loci for the sand he tested:
f = n + m In p ' .... 6.4
where m is a constant, being 0 . 6  for the particular sand he used. 
Tatsuoka and Ishihara (1975) arrived at a similar yield function as 
a result of their extensive testing programme on Fuji River Sand 
which can be expressed in the following form:
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f = n + F(p') •••■
where the value of F(p') indicates the amount of decrease in the 
value of f attained for a change in p ' starting from p* = po. 
Moreover, they suggested that the value of F(p') decreases with an 
increase in p ' and the stress ratio at the reference state can be 
chosen arbitrarily. They suggested that different values for F(p') 
can be obtained depending on the initial density of the sample. 
Tatsuoka and Ishihara compared their predictions using 
Equation 6.5 with that using Equation 6.4 and they found that both 
produce similar shaped yield loci but somewhat different in detail. 
The reference value of Yf should be chosen differently in each case, 
since using Eq 6.4 f is increasing while in Eq 6.5 f is decreasing. 
Also the value of m may not necessarily be equal to 0.6 for Fuji 
River Sand. The data presented by Tatsuoka and Ishihara show 
noticably large volumetric strains developed, especially when 
testing loose samples. Although they used lubricated ends, they 
did not show any correction applied for their data to account for 
the compressibility of the free ends and for membrane penetration.
In the writer's opinion these effects would cause an overestimation 
of the measured volume and consequently could affect the detection 
of yield. Furthermore, from the sand used throughout the present 
investigation, small plastic strains are observed during isotropic 
consolidation (see Section 6.2). Similar observations have been 
reported by Daramola (1978) for Ham,River Sand and El-Sohby and 
Andrawes (1972) for various other types of sand.
Nova and Wood (1978) proposed a different method for constructing 
yield loci from a set of experimental data performed on Fuji River 
Sand (Tatsuoka, 1972). Their approach was based entirely on 
theoretical assumptions; they derived the following relationship to 
be obeyed on every yield locus:
.... 6.6
V + De = const
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in which V- plastic volumetric strain, € the plastic shear strain 
and D is a constant which should be obtained experimentally.
Hence, contours for each value of this constant can be drawn as 
shown in Fig 6.33. Nova and Wood assumed that Eq 6,4 cannot be 
valid as an expression for establishing a family of yield loci in 
the range of low values of 7} and claimed that their equation (Eq 
6 .6 ) matches well with Eq 6.4 for higher values of stress ratios. 
They show that the value of m obtained from the set of data they 
used equated to 0.55, and hence was in agreement with Poorooshasb 
(1971) and Tatsuoka and Ishihara (1975). Nova and Wood (1978) also 
constructed a family of yield loci for normally consolidated kaolin 
which looked very similar to that constructed for Fuji River Sand. 
They did not show very much distinction, therefore, in the shape 
of yield loci between cohesive and cohesionless soils. This is 
probably due to the large plastic volumetric strains shown during 
isotropic consolidation which.appear from the data obtained for Fuji 
River Sand. Therefore, for the same reason given above, the 
yield loci for sand at low values should be less curved than those 
suggested by Nova and Wood (1978).
Since all the tests set up to establish the segments of yield loci 
for the sand, used throughout, the present study (Fig 6.32) were 
designed to arrive at one prescribed constant stress ratio, any 
subsequent yield point obtained at a higher value of p' is a result 
of a reduction in the value of the stress ratio from the prescribed 
value. It is found more appropriate, therefore, for the above 
reason to express the yield loci by the following equation:
f = n + m ( p ' / p a )    6.7
where m is a material constant obtained experimentally and Pa is the 
atmospheric pressure expressed in similar user units. This 
equation is generally similar to that reported by Poorooshasb and 
Yong (1982), except that the sign of m may be either positive or 
negative , The average
value of m was obtained by substituting Eq 6.7 at the beginning and
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at the end of each yield segment (Fig 6.32), considering each 
segment to satisfy the same yield function (Poorooshasb, 1971).
The value of m was found to be -0.22 for yield segments in 
compression and +0.34 for extension, and will be denoted as m^ and 
mg respectively. The shape of the yield loci as predicted by Eq 
6.7 are illustrated in Fig 6.34. They are seen to compare 
favourably with the experimental data. It should be noted that for 
isotropic material the shape of the yield loci in both compression 
and extension should be identical, and hence the absolute value of 
the constant m should accordingly be the same. The major cause of 
the difference is inherent anisotropy.
For an initially isotropic material subjected to an isotropic stress 
path (Oa = Or), the resulting axial and lateral strains should be 
equal. Hence, deviation'from this shows the material to be 
initially anisotropic (Gerrard, 1967; El-Sohby and Andrawes, 1972 
and Negussey and Vaid, 1986). The strain path plotted in Fig 
6.14a for the isotropic consolidation strain path (q/p = 0) shows 
that the measured lateral strains are higher than axial strains 
which shows that the sample initially had an anisotropic structure 
inherited during deposition. Furthermore, for initially 
anisotropic material the failure loci determined in both compression 
and extension will not be at the same principal stress ratio. The 
failure loci determined from various compression and extension tests 
throughout the present work were found to be asymmetric about the 
isotropic axis (Fig 6.35a). It should be noted here that peak 
strengths have been assumed to occur at 3% strain since failure was 
difficult to define accurately using a stress controlled testing 
apparatus. It is expected that they will be symmetric if the 
material is isotropic. Thus, path EP (representing a change in 
the radial stress cTr) and path CP (representing only change in the 
axial stress Oa) should be equal in length for such an isotropic 
material in which point p ' lies on the isotropic axis. For 
anisotropic material, line EP<C'P; hence P should be shifted to p ' 
in order to obtain equal paths in extension and compression such as 
EP' and CP'. Following this procedure point p ' was found to locate
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on a constant stress ratio line of q/p' = 0.136 (Cfa/^ r = 1.143).
It might be expected that loading the sand at this value of constant 
stress ratio, equal axial and lateral strains would result. This 
was tested by performing a special constant stress ratio test 
following the same prespecified constant stress ratio path q/p’ = 
0.136. The resulting axial and lateral strains are plotted against 
p ' in Fig 6.35b. It is seen that they are approxiamtely equal.
The resulting strain path is also closer to the isotropic line (Fig 
6,35c),
Since for isotropic material, the same shape of yield loci in both 
compression and extension results, the absolute value of m will 
also be the same. This indicates that the difference between the 
absolute values of m in both compression and extension may be 
related to each other in terms of the value of the constant stress 
ratio l^ i as a result of a shift in the isotropic axis in the case of 
anisotropic material. Therefore the following relationship can be 
used:
Iniel = Iradl V\ .... 6.8
By substituting the value of = 0.136, as obtained from the 
procedure described above and the value of m^ - 0 .2 2 , the resulting 
absolute value of m@ becomes 0.356. Comparing this value with the 
value of m@ obtained experimentally (me = 0.34) agreement is 
reasonable. The difference between the two values may be related 
to the slight inaccuracy in determining the value of (see 
procedure above).
Therefore, by adopting the above described procedure, the yield 
loci in extension can be obtained simply from experimental data from 
tests performed in compression or vice versa, provided the value of 
I7j is known. It was found that introducing the influence of the 
inherent anisotropy into the material constant of m is simpler than 
expressing a more complicated equation to take account of this 
effect, such as an implementation suggested by Sandler et al
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(1976).
6.5.3 VERIFICATION OF THE PROPOSED YIELD LOCI
In order to examine the validity of the proposed shape of the yield 
loci, a multi stage stress path test consisting of a number of 
unload-reload paths extended to the same constant stress ratio was 
performed. The type of stress path sequence of loading is shown in 
Fig 6.36a, It can be seen that after a yield locus was created by 
the first loading path, the other two unload-reload paths were 
located within the elastic domain below the initial yield locus.
The shear strains resulting during this test are plotted in Fig 
6,36b, and indicate no further irrecoverable strains occur on the 
second and third cycle of loading. This indicates that the 
suggested curved shape of the yield loci (Eq 6.7) is valid.
Similar data were obtained in extension leading to the same 
conclusion.
The ability of the function proposed above (Eq 6.7) to determine the 
yield condition in sand, accounting for both stress path and stress 
history, can be examined by looking at some data obtained from 
three specially conducted stress path tests. In the first (Fig 
6.37a), the sample was loaded in compression along a constant 
stress ratio OA, unloaded, then reloaded along a higher constant 
stress ratio path OB. The second sample (Fig 6.37b) was also 
loaded in compression but in the opposite sequence of loading to the 
first sample i.e. loaded first along a higher constant stress 
ratio (OB), unloaded, then reloaded along a lower stress ratio 
(OA). In the case of the third sample (Fig 6.37c), it was loaded 
in extension along a constant stress ratio OA', unloaded, reloaded 
along the same stress path, unloaded, and then reloaded along the 
higher stress ratio path OB'. The shear strains resulting from 
these tests are plotted against deviator stress in Figs 6.37a, b and 
c respectively.
It can be seen from Fig 6.37a that there is a continuous increase in
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the plastic shear strains on reloading along a higher stress ratio, 
whereas the results in Fig 6,37b show no sign of extra plastic shear 
strains produced on reloading along the lower constant stress ratio 
path. The results obtained from the sample tested in extension 
show a generally similar response to that observed during the first 
sample tested in compression (Fig 6.37c). It is interesting to 
note that a distinct yield point seems to occur midway on the 
stress-strain curve resulting from reloading along the higher 
constant stress ratio path. The capability of the proposed yield 
function (Eq 6.7) to detect such yielding behaviour can be clearly 
demonstrated by superimposing these stress paths on the 
corresponding family of yield loci as illustrated in Figs 6.38a, b 
and c. The elastic domain created by the first loading-unloading 
stress path is denoted by the shaded area. Therefore, any restart 
of yielding should take place only if the second stress path crosses 
a new yield locus. Hence, the yield condition described by the 
family of yield loci shown in Figs 6.38a,b and c are very comparable 
with the stress-strain behaviour plotted in Figs 6.37a, b and c.
This family of yield loci were constructed as a result of tests 
performed on samples initially consolidated isotropically before 
shearing. The ability of the proposed yield function to account 
for the anisotropic consolidation and overconsolidation was checked 
by performing two tests. The first sample was initially 
consolidated along the. Ko-path, then subjected to various 
loading-unloading stress path cycles according to the sequence of 
numbering shown in Fig 6.39a. The second sample was 
Ko-overconsolidated before being subjected to an increase in 
deviator stress to a stress ratio higher than Ko (Fig 6.39c), The 
stress-strain data obtained from the first and second test are shown 
in Figs 6.39b and d respectively. Fig 6.39b shows clear evidence 
of plastic yielding occurring during the first and second stress 
paths ( 1 - 2  and 3 - 4 ) ,  whereas no sign of further increase in 
plastic shear strain is seen in the case of paths 5 - 6  and 8  - 9 as 
they are located below the yield loci previously established by path 
3 - 4 ,  In the case of the second test, the Ko-overconsolidation
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path seems to create an elastic domain as shown in Fig 6.39c and 
hence no further plastic strains are developed during shearing 
unless the shearing stress path exceeds the previously established 
elastic region.
6.5.4 INFLUENCE OF STRESS REVERSAL ON THE YIELD LOCI
The family of yield loci established above, in both the compression 
and extension stress regions, were established only as a result of 
non-reversal stress paths. It has been noted earlier that after a 
certain yield locus is produced by a stress path, any further 
stress change to a state of stress below that previously created 
yield locus will be considered to produce only recoverable 
deformation, according to isotropic work-hardening concepts (see 
Section 2.3.4.4). The resulting elastic domain, below the maximum 
yield locus ever experienced by the sample in compression (for 
example), is imagined to expand on both sides of the isotropic line 
to give the same yield locus in extension, and the same is expected 
to happen in the case of the'opposite loading sequence. According 
to the kinematic work-hardening concept (see Section 2,3,4,5) 
however, the stress level achieved by a stress path on one side of 
the isotropic will cause a translation of the yield locus on the 
opposite side so that after stress reversal the sample will yield 
again before the previous stress level is reached.
In this section, two main points will be considered for discussion 
in the light of the results obtained during the present work. The 
first is the shape of the yield loci after stress reversal and the 
second is the kinematic nature of the yield loci in stress space.
With regard to the first point, evidence from the results of some 
complex stress path tests indicate that the shape of the yield loci 
after stress reversal is not affected and remains unchanged in its 
original curved form. This can be seen clearly in the results 
shown in Figs 6.40a and b. Thus, when a yield locus is created 
after crossing the isotropic from either compression (Fig 6.40a) or
194
extension (Fig 6,40b), and the sample is further subjected to 
non-reversal unload-reload stress paths extending to the same stress 
ratio but remaining below the previously created yield locus. In 
both cases only recoverable deformation results during stress paths 
that follow the stress reversal. This indicates that the sample is 
inaffected by its previous deviatoric stress history on the opposite 
side of the isotropic. The results clearly demonstrate the 
existance of an elastic domain below the newly created yield locus 
despite the sample's previously experienced stress reversal history.
Further investigation into the shape of the yield locus can be seen 
using the results of two tests presented in Figs 6.41a and 6.41b in 
which both samples, after stress reversal, have undergone further 
non reversal unload-reload stress paths extended to the same stress 
ratio but each time exceeding the previously created yield locus.
In the first test the stress reversal was from compression to 
extension whilst in the second, was from extension to compression. 
The resulting shear strains are shown in Figs 6.41a and 6.41b 
respectively. It can be seen in both cases that the subsequent non 
reversal stress paths produced further plastic deformation. 
Furthermore, newly distinct yield points can be observed. Hence, 
it was possible to construct segments of yield loci from the results 
obtained during these tests and similar ones. Thus, a comparison 
can be made with previously established yield loci as a result of 
non reversal-paths (see Section 6.5.3) as shown in Fig 6.42. It is 
seen that the shape of yield loci suggested previously (Eq 6.7) is 
not significantly altered by the stress reversal history.
It remains now to discuss how stress reversal may have an influence 
on the yield condition. The results presented earlier in section
6.3 show that larger plastic deformation is produced as a result of 
stress reversal. In order to explain this in connection with the 
concept of yield loci (the concept of yield loci is considered here 
to represent a kind of isotropic work-hardening behaviour), let us 
consider first the method for detecting a newly created yield locus.
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By examining at the stress paths illustrated in Fig 6.43a and the 
corresponding reloading stress-strain curve shown in Fig 6.43b (only 
the stress-strain curve corresponding to stress path portion ( 1  - 2 ) 
is plotted), it can be seen that in cases (i) and (ii) no further 
yielding is observed until the previously created yield locus is 
crossed. This is indicated by a distinct yield point. However, 
in case (iii), the response is shown to be softer even than the 
virgin stress strain curve and no distinct yield point can be 
observed. Hence, yielding seems to take place right from the 
start of crossing the isotropic or even before crossing.
Therefore, the position of the previously created yield locus LI 
must have been shifted to L2 due to the effect of the deviatoric 
prestress in extension (see Fig 6.43a)(iv). Accordingly further 
yield loci are crossed by the reloading path (1 - 2 ) and 
consequently further yielding will result as in the case of virgin 
loading (see Section 6.5).
This behaviour demonstrates a kind of kinematic hardening response. 
Interpretation of the behaviour in terms of the available theories 
will be discussed in the following section. Meanwhile, the 
influence of the level of deviatoric prestress will be assessed. 
Results were obtained from four identical samples, in which two 
were subjected to deviatoric prestress in extension (to stress 
ratios q/p'= -0.5 and -0.68) before being subjected to stress 
reversal from extension to compression. The other two were first 
subjected to deviatoric prestress in compression to q/p'= 0 . 6  and 
1.125 before stress reversal. The resulting shear strains 
developed after the reversal are plotted in Fig 6.44, for all four 
tests. It can be seen that the greater the level of prestress the 
softer the response. This is more pronounced in the case of the 
subsequent curves in compression than those in extension.
6.5.5 INTERPRETATION OF THE BEHAVIOUR DURING STRESS REVERSAL IN 
TERMS OF ISOTROPIC AND KINEMATIC WORK-HARDENING CONCEPTS
The isotropic work-hardening concept states that loading on one side
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of the isotropic (compression or extension) causes an expansion of 
the yield surface symmetrically about the isotropic. The results 
presented in the previous section indicate that, during stress 
reversal, yielding is occurring right from the start of crossing 
the isotropic either from compression to extension or vica versa. 
This shows that the elastic domain which is created by the first 
loading on one side of the isotropic does not exist on the opposite 
side after crossing. The results also show that the greater the 
deviatoric prestress on either side of the isotropic, the softer 
the response after crossing to the opposite side. The 
stress-strain response is then even softer than in the case of the 
virgin stress-strain curves. Thus the yield surface does not 
expand symmetrically about the isotropic. It is, rather, only 
one part of the yield surface activated in the direction of loading 
causing the other part to move behind. Upon stress reversal, 
yielding will take place earlier than assumed by the isotropic 
work-hardening concept. In light of the results shown in the 
previous section, the sand seems to obey some kind of kinematic 
work-hardening behaviour during stress reversal. However, the 
difficulty faced in identifying a distinct yield point during stress 
reversal obstructs the tracing of the exact position of the yield 
locus during such a loading condition and consequently restrict the 
constitution of the kinematic nature of the yield loci.
Another interpretation of the behaviour during stress reversal was 
introduced by Tatsuoka and Ishihara (1974) in their postulated 
directional independency postulate. This states that the yield 
condition in either compression or extension is independent of the 
stress history experienced previously in the opposite range provided 
the amplitude of stress change stays within certain limits. This 
limit was suggested by them as the peak stress level, Tatsuoka and 
Ishihara's hypothesis is explained in Fig 6.45 where upon first 
reversal (e.g. path 1 - 2 ) of stress the sample will exhibit the 
same stress-strain response as the virgin curve. After the second 
reloading (e.g. curve 5 - 6  - 7) in the same direction, no yield 
is assumed to occur until the previous stress level is achieved
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(point 6 ) and beyond this the sample will again behave as it did 
during virgin loading. The simplicity of the directional 
independency hypothesis may make it very attractive. However, the 
behaviour observed during the present work shows a more complicated 
response of the sand during stress reversal which it may not be 
possible to account for using such a concept. The reference for 
the threshold of directional independency was found to be located 
below the peak stress level and even below the characteristic state 
(see Fig 6.44). This in turn will limit the application of this 
hypothesis to only a small region of the stress space.
6 . 6  PLASTIC POTENTIALS
One of the problems in establishing the plastic strain increment 
vectors in order to investigate the shape of the plastic potentials, 
is the isolation of the elastic component of strains from the total 
measured strains. In the present work, the elastic behaviour of 
the sand used throughout this investigation is discussed in Section 
6.4. A single equation is suggested to calculate the elastic 
component of strain. This is based on a wide range of experimental 
results in both compression and extension. A subroutine was 
incorporated into the data processing programme (see Section 3.4.4) 
which uses Eq 6,3, suggested in Section 6.4, in order to isolate 
the elastic component of strain from a total measured strain for any 
specific stress path, calculating both plastic volumetric and shear 
strain increments for a prescribed stress increment and plotting the 
resulting vectors.
The plastic strain increment vectors along various selected virgin 
loading stress paths are established in both triaxial compression 
and extension p*^ - q space and shown in Figs 6.46a, and b 
respectively. It is seen that the vectors along both constant 
stress ratio and deviatoric stress paths are rotated with the 
increase in stress level in both compression and extension. This 
rotation is in an anticlockwise direction in compression and in a 
clockwise direction in extension, A comparison of the plastic
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strain increment vectors at a common point (denoted alphabetically 
in Figs 6.46a and b), show that the vectors resulting from 
different stress paths following different directions are inclined 
to each other (e.g. D and E). This is seen to be less pronounced 
when such a comparison is made at relatively higher stress levels 
(e.g. points C and F). The amount of deviation seems to be 
greater than the scatter resulting during the calculation of the 
elastic component of strain and the slight difference in the size of 
the stress increment chosen in each case. This observation may be 
related to the sequence of consolidation-deviatoric stress history 
as discussed in Section 6,2.3,
These results, therefore, demonstrate the dependency of strain 
increment vectors on the direction of stress paths at relatively low 
stress levels. This means that it is not possible to construct a 
unique plastic potential from results of one type of stress path 
(Poorooshasb et al, 1966). The assumption made by Poorooshasb et 
al (1966) and later confirmed by Lade and Duncan (1975) was based on 
a comparison of plastic strain increment vectors resulting from 
different stress paths made .near peak stress level, but not at 
lower levels of principal stress ratio.
Assuming that there is a possibility of constructing a unique 
plastic potential.at a low stress level, as well as at higher 
stress levels, plastic potential curves were constructed 
considering only deviatoric stress paths (in order to avoid 
complexities) and are shown in. Figs 6.47a and b together with the 
yield loci previously established in Section 6.5. It is seen that 
yield loci and plastic potentials are not coincident. Therefore, 
the yield loci suggested by Eq 6.7 (see Section 6,5) cannot be used 
as a plastic potential function, hence supporting previous findings 
by a number of researchers that normality does not hold for sand.
The influence of stress reversal on the plastic strain increment 
vectors can be investigated by considering two stress paths in 
compression; one as a result of virgin loading and the other after
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the sample is first subjected to deviatoric prestress in extension 
to q/p’ = -0,68. The resulting plastic strain increment vectors 
for the two paths are compared in Fig 6.48a. It is interesting to 
observe that the stress reversal causes a rotation of the direction 
of plastic strain increment vectors. Coincidence of these vectors 
resulting in both cases can be achieved if the p q  axes are 
rotated in a clockwise direction as seen in Fig 6.48b. This leads 
to the conclusion that stress reversal not only causes a rotation in 
the yield locus as discussed in Section 6.5.4, but also in the 
corresponding plastic potential.
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Fig. 6.30 Typical stress-strain data used for investigating 
the shape of the yield loci in compression
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Fig. 6.31 Typical stress-strain data used for investigating 
the shape of the yield loci in extension
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Fig. 6.36 Examination of the shape of the proposed 
yield loci
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7.0 CONCLUSIONS AND RECOMMENDATIONS
7.1 CONCLUSIONS
A large part of this thesis is concerned with instrumentation 
development, consisting of construction and programming of an 
automated stress path system and the design and manufacture of new 
devices for measuring both axial and radial strains locally on 
triaxial specimens. Considerable effort was made to achieve a good 
performance and accuracy from this instrumentation.
The development of the automated stress path system has made it 
possible to produce a sufficient amount of data to investigate the 
yielding behaviour of sand under a wide range of stress paths in 
compression and extension and a combination of both.
The following are the main conclusions obtained from the present 
research:
- The use of stepper motors to regulate the application of 
pressures as controlled by a microcomputer was found to be very 
reliable, accurate and easy to program. The use of a 
microcomputer controlling the whole process made it possible to 
closely and rapidly apply a combination of pressures with very 
small steps, resulting in stress paths smoothly followed with 
no visual overshooting. The stress path system is capable of 
executing any drained complex stress path theoretically 
possible in the triaxial cell with the required rate of testing 
and of following it closer than + 1.0 kPa. Field stress 
paths, such as Ko-consolidation and overconsolidation paths, 
followed by any desired stress path can also be simulated.
- The Hall Effect (H.E.) principle has been introduced into 
geotechnical laboratory testing for the first time in the form 
of a new method of displacement measurement. The H.E, 
sensors have been found to be very suitable, being accurate,
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temperature and voltage stabilized, small, light and cheap DC 
devices.
Two devices were developed; one to measure axial and the other 
radial strains on a 205 x 102mm triaxial specimen, locally, 
on the middle third. All deformation measurements reported 
throughout the present work are measured employing these new 
devices. The gauges can monitor strains to better than 0,002% 
over a range of 2,5mm. Experience gained with such devices, 
has shown that they are simple to use, robust and sufficiently 
accurate.
It was found that measurement of strains locally on the middle 
third of the specimen avoids many common deformation 
measurement errors. The. errors in axial deformation, 
calculated as the difference between the recorded strains 
locally and externally as a percentage of the local strains, 
can exceed 200%. During shearing in either triaxial 
compression or extension, the errors gradually disappear until 
at least 90% of them vanish below 1% strain level. An 
interesting finding involving the complete reappearance of 
these errors was observed after reversal of stress from 
compression to extension or vice versa. Furthermore, 
isotropic consolidation did not completely eliminate these 
errors. It was found, even after consolidation to p' = 600 
kPa, that about 50% errors could still be observed. Despite 
the fact that the external volume gauge was chosen and 
calibrated with some care, it was found that the recorded 
volume change, after a reversal of the flow direction (e.g. 
from contraction to dilation.of sample), could become 
misleading. It can be said, therefore, that local strain 
measurement devices should not only be considered as a 
replacement for conventional external axial strain measurement 
techniques, but also for conventional volume change 
measurement.
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The sand tested throughout the present investigation was a 
fine, subangular, uniform Leighton Buzzard sand. The 
samples were prepared by sedimentation through water. It was 
found that the behaviour of sand during loading was highly 
anisotropic, indicated by the differences between axial and 
lateral deformations recorded during isotropic pressure 
application (Oa = ^r). However, during unloading in either 
isotropic stress conditions or along constant stress ratio 
paths, the sand seemed to behave approximately isotropically, 
regardless of the stress condition in compression or extension. 
Nevertheless, it maintained its anisotropic response during 
any subsequent loading.
The influence of the depositional anisotropy was also indicated 
by the substantial differences in the deformations observed in 
compression and in extension. The shear strains developed 
during deviatoric stress paths in extension were always found 
to be greater than those in compression, even though the 
stress paths in extension were extended to relatively lower 
stress ratios. The difference can be of the order of two. 
Below the characteristic state in compression (Habib and Luong, 
1978), volumetric strains depended mainly on the change of 
mean normal stress, p '. No significant volume change was 
observed during deviatoric stress increase alone (p' = 
constant). In contrast, volume change characteristics in 
extension were more complex. It was found that contractive 
volumetric strains occurred even during loading with constant 
P' •
At stress ratios lower than the "characteristic state", the 
magnitudes of the cumulative total or plastic strains recorded 
at common stress points approached from different stress paths 
were found to be different, which was attributed to the 
sequence of stress history involved in the stress paths. This 
was found to be more pronounced in extension than in 
compression. However, at higher stress ratios the effect of
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stress history appeared to be destroyed by the relatively large 
induced shear strains causing dislocation of particle 
arrangements.
Data was obtained from a wide variety of stress paths in 
compression and extension which contained unloading-reloading 
cycles, and in which it was possible to isolate the 
recoverable strain components. A simple equation expressed in 
terms of p' and q was suggested to represent the recoverable 
components of strains. After construction of recoverable 
strain contours in both compression and extension, it was 
found that the suggested equation, could predict the magnitude 
of recoverable strains, regardless of stress path direction.
Segments of yield loci were constructed in both compression and 
extension stress space and indicated that the shape of a 
complete locus for the sand is a curve starting at the origin. 
Such yield loci were found to be satisfactorily approximated by 
the following equation, f =Tj+ m ln(pVpa ) iti which m is a 
material parameter that has different values in compression and 
extension, and can therefore account for the influence of 
inherent anisotropy without much complexity, A simple method 
was demonstrated to allow the value of m in compression to be 
related to that in extension and vice versa. Hence, yield 
loci established on one side of the isotropic can be extended 
to the other.
The suggested yield loci were found to describe the yield 
condition despite stress paths proceeded by either isotropic or 
anisotropic stressing pG prestressing.
-The reversal of the stress system from compression to extension 
and vice versa generally caused a softer stress-strain response 
compared with a non-reversal stress increase, as was shown by 
the larger plastic shear strains and contractive volumetric 
strains that resulted. However, the relative change of the
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deformation characteristics also depended on the level of 
deviatoric prestress and the number of cycles. It was found 
that sands maintain their stress path dependency observed 
during non-reversal stress changes after stress reversal from 
extension to compression, regardless of the number of cycles. 
This was found to be less pronounced when stress reversal took 
place from compression to extension. Furthermore, evidence 
has been obtained that the shape of the yield loci in both 
compression and extension are not altered by reversing the 
stress condition.
Difficulty was faced in identifying a distinct yield point 
after stress reversal. This obstructed the tracing of the 
exact position of the yield locus during stress reversal, and 
consequently the constitution of the yield condition as was 
determined in the case of non-reversal paths. However, a 
significant softening response resulted after crossing to 
either side of the isotropic. The sand became even softer 
than in the virgin stress-strain condition with further 
increase in the deviatoric.prestress on the opposite side, 
indicating that sands tend to obey some kind of kinematic 
work-hardening on stress reversal. This involves the rotation 
of the yield locus about the origin. In view of these 
results, the validity of the directional independency 
suggested by Tatsuoka and Ishihara (1974) must be limited to a 
small region of stress space only.
The plastic strain increment vectors, established as a result 
of various selected virgin loading stress paths in both 
triaxial compression and extension stress space, were found to 
be dependent on the direction of the stress path at relatively 
low stress levels. The results also demonstrated once more 
that normality does not apply for sands. Further interesting 
observations indicate that stress reversal not only affects the 
yield locus, but also causes the plastic potential to rotate.
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7.2 RECOMMENDATIONS
The stress path system was designed and programmed to serve the 
requirement of the present research. This system is capable of 
performing effective stress paths under stress control. This was 
found suitable when the prefailure stress-strain behaviour is of 
more interest. The method of programming the system, as 
described in Chapter 3, is relatively simple and hence more 
modifications to the software could be made in order to include 
extra features such as shifting to strain control and undrained 
loading. Perhaps in order to achieve consistency with the level 
of accuracy obtained during the development of the system, it 
could be possible to include.local pore pressure measurement on the 
soil specimen if required.
It was found that an attractive characteristic of Hall Effect 
devices is their flexibility, so that various sensor-magnet 
systems can be configured, depending on the required usage. Trials 
can be made with different configurations to those adopted here, 
in order to increase the linear range, and hence improve their 
capability to measure large strains. However, it should be noted 
that when such devices are required to be used in deformation 
measurement at failure or beyond failure, lubricated ends should 
be incorporated to avoid severe barrelling of the specimen which 
would otherwise limit the accuracy of local strain measurement. 
There is also no reason why the design of the devices could not be 
adopted for use on 38mm specimens.
The scope of the testing programme has been limited to 
investigating only the yielding behaviour of Leighton Buzzard sand 
using only a single density. It is perhaps desirable to extend 
the investigation to cover a range of initial packing.
Furthermore, the coupling effect between induced anisotropy or 
stress reversal and inherent anisotropy, has not been fully 
established and seems interesting. Further investigation in this
247
area could be made. Artificial particulate material may be first 
used aiming to minimize the influence of inherent anisotropy and 
then testing could be extended to real cohesionless material with 
varying degrees of anisotropy.
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APPENDIX A
LISTS OF SPECIAL FUNCTION ALGORITHMS
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Basic algorithm ■For controlling and programming the 
GPIO — Port
IW UUIN I MUL 4 , 4  5 I 'dZ+I  il
2 0  CONTROL 4 , 1  G 5 0 
3 0  CONTROL 4 , 8  5 3 
40  CONTROL 4 , 9  5 0 
5 0  Y - 0
S0  OUTPUT 4 0 4  USING " 4 ,B" ; Y
B5 D I S F  "ENTER CONTROLLER NO ."  @ INPUT N
SB I F  N>4 THEN END
S7 B 2 = 2 ' < 2 * N - 2 >  0 B 1 = 2 ' ( 2 * N - 1 )
7 0  REM * * * * * * *
8 0  Y = B I N I O R  ( B 1 , Y ) 0  OUTPUT 4 0 4  USING " 4 , B " î
65  D I S F  " HOW MANY STEPS UP " 0 INPUT I
90  FOR J - i  TO I
100 Y - B Ï N E Q R  ( 8 2 , Y ) 0 OUTPUT 4 0 4  USING " 4 ,B"
I 20  Y = B I N I O R  < 8 2 , Y ) 0 OUTPUT 4 0 4  USING " 4 , B "
I 4 0  NEXT J 
150  REM * * * * * * *
2 0 0  Y=BINANu < 2 5 5 - 0 1  ,Y ) 0  OUTPUT 4 0 4  USING  
2 0 2  D I S F  "HOW MANY STEPS DOWN " 0 INPUT I  
2 1 5  FOR 0=1 TO I
2 2 0  Y = B I N I O R  < 8 2 , Y ) 0 OUTPUT 4 0 4  USING " 4 , B
2 4 0  Y=BINEOR < 8 2 , Y ) 0 OUTPUT 4 0 4  USING " 4 , B
2 5 0  NEXT 0 
2 6 0  GOTO 10
I o n
< B 1 )
0 of f 
STEPPING
j.
1 2 8 6 4 3 2 1.6 0 4 2 1
r  ,
<B2) DIRECTION 
1 Forward 0 Backward
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Basic algorithm for scanning signals from variowe 
d o V i  c o s  •
I W  UIM b M M U M  t oU  I U  O W W W
100 LOmD B IN  " U T I L / 1"
101 OFF ERROR
3 0 0 0  ! * * * * * * * * * *  READ SIGNALS FROM SGA BOX * * * * *  
301 0 D IM R\ 1 3 ) ,S< 1 3 ) , U $ \  1 3 ) ,D$< 1 3 )
30 11  U $ ( 0 ) = " N O T  USED " 0 U $ ( 4 ) = U $ ( 0 )  0 U * < 5
3 0 1 2  U $ < 9 ; = U $ \ 0 )  0  U $ \ 1 0 ) = U $ < 0 )  0 U $ \ 1 1 ) = U $ \ 0
3 0 1 3  U $ ( 1 ) = " B A C K  PRESS " 0 U $ ( 2 ) = " C E L L  PRESS
3 0 1 4  U $ < 7 ) = " L . V . D . T .  " 0 U $ < 8 )="vOL.CHANGE
3 0 1 5  U $ ( 4 ) =  'CAL IPE R " 0 US (S  ) = " H . E.GAUGE1  
3 0 1 8  GOTO 9 0 0 0  
3 0 2 0  FOR JJ=1 TO 8
3 0 3 0  SEND 7 5 UNL uNT MLA TALK 9 SCO 
3 0 4 0  ENTER 7 USING " 4 , B , B "  5 S I , 3 2  
3 0 5 0  S3 =B IN A N0  < 3 2 , 1 5 )
3 0 S 0  S< JJ  ) = S 1 + 2 5 S * 3 3  
3 0 7 0  I F  BINAND < S 2 , 3 2 ) = 0  
3 0 8 0  R< JJ ) =S <JJ  )
3 0 9 0  0$'< J J )=VAL$ < R < J J ) /
4 0 0 0  I = J J  0  REM * * * * * * F O R  1=1 TO 
4 0 1 0  FAST LABEL 8 0 , 3 0 + 1 * 1 0 , D $ < I )&"
4 0 2 0  NEXT JJ @ GOTO 3 0 2 0  
9 0 0 0  GCLEAR @ GRAPH
9 0 0 5  FAST LABEL 5 , 0 , "OUTPUT READINGS  
9 0 1 0  FOR 1=1 TO 8
9 0 2 0  FAST LABEL 0 , 3 0 + 1 * 1 0 , "CHANNEL NO 
9 0 3 0  FAST LABEL 9 0 , 3 0 + 1 * 1 0 , " B I T S " , 1 
9 1 1 0  NEXT I  
9 1 2 0  GOTO 3 0 2 0  
9 1 3 0  END
© U $ < 5 ) = " H . E . G A U 6 E 2
d d
1 hfclM b \ d d  d d /
a
hMuri btof-t iwva
"&VAL$ ( ! ) & " " & U $ < I ) , 1
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APPENDIX B
LISTSOF SPECIAL PROGRAMSFOR THE VOLUME GAUGE CALIBRATION 
AGAINST GDS CONTROLLERS
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Program CVCAL2) for voiumo gauge calibration 
using t%<'« GDS' c o n t r a i l a r e  a n d  HP“85 Microcomputer
10 REM * * v O L  CHANGE GAUGE C A LI BR AT IO N AGAINEST "GDS'
I t  SET TIMEOUT 7 ; 1 0 0 0
12 ON TIMEOUT 7 GuSUB 3 5 0 0
15 OPTION BASE 1
2 0  B i n  R ( 3 0 0 , 5 ) , u $ [ 101
30  R1 =0  @ J=1
"ENTER TEST DATE ( D A Y / M O N / Y R ) "  © INP UT  u$  
"ENTER GAUGE NAME" @ INPUT G$
"ENTER TEST NUMBER/OR NAME" @ INPUT T 1$
"VOL CA LI BR AT IO N TEST N 0 = " ; T 1 $
CONTROLLERS»*
32
3 5
31 D ISP  
DIS P  
DISP
40  PR IN T
41 P R I N T  
45  P R IN T  
5 0  GOSUB
" D A T E " 5 0 $
1000
6 0  D I S P  "DISENGAGE HOLD VOLUMES"  
S I  D I S P  "PRESS CONT WHEN READY"  
62  PAUSE
7 0  D ISP
71 P R IN T
7 2  P R IN T  "
7 3  P R I N T  "
7 5  C2=1  
80  FOR 0=1
82  P R IN T  "______
8 3  I F  R1 >0  THEN
8 4  PRI NT  
3 5  P R IN T
86 PRIN T
8 7  P R IN T  
30  PR IN T  
84  I F  C=
HOW MANY CYCLES" © INP UT  C
NO. OF CYC LES=" ;C1
TO Ci
90
PG VG 
\ K P a ) ( C . C )
P7
<KPa>
V7
< C . C )
OUTPUT"
<mV)"
"CYCLE NO
THEN 180
" ; C ) " 0 F " ; C 1
100
TAPE' I it»
96 V l = V 1 / 2  
1 8 8  GOSUB 8 0 0 0  
130  GOSUB 3 0 0 0  
2 3 0  GOSUB 9 0 0 0  
2 4 5  GOSUB 8 0 0 0  
2 5 0  I F  C<> Cl  THEN 
2 5 5  BEEP 7 5 , 2 2 0
2 6 0  D I S F  " 0 0  YOU WANT TO STORE DATA ON 
2 7 0  I F  T S =" Y "  THEN GOSUB 7 0 0 0
3 0 0  NEXT C
4 8 0  D I SP  "END OF THE TEST"
5 0 0  END
1 0 0 0  REM »*SET VOL CHANGE TO 0 » *
10 10  FOR N=G TO 7
1 0 2 0  SEND 7 Î UNL UNT MTA L I S T E N  N DATA CHR$ ( 2 4 ) & G H R $  ( 2 5 5 )  
1 0 3 0  NEXT N 
1 0 4 0  RETURN
2 0 0 0  REM »*SET PRESSURE ON DEV G *»
2 0 0 2  I F  C2>1 THEN 2 0 2 0  
2 0 0 5  D I S P  "REQUIRED PREBSURE(KPa )"
2 0 1 0  SEND 7 ; UNL UNT MTA L I S T E N  6
2 0 1 4  D I S P  "PRE3S(C0NT)WHEN PRESSURE SET CORRECTLY"
2 0 1 5  D I S F  "REQUO MAX. TOTAL V O L . < 0 . MM)" © INP UT  V I
2 0 1 6  D I SP  "REQUu VOL.  INCREMENTSC. MM )" © INPUT V3  
2 0 1 6  C2=C2-i  1 
2 0 2 0  RETURN
© INPUT P
DATA CHR$ < 4 ) & V A L $  (P ) & C H R $  < 2 5 5 )  
© PAUSE
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3 0 0 0  REM * *  VOL CHANGE ON DEV 6 , 7 » *
3 0 0 3  I F  R i = 0  THEN GOSUB 4 0 0 0  
3 0 1 0  FOR N=i  TO V I / V 3
3 0 2 0  FOR M=1 TO 2 * V 3
3 0 3 0  SEND 7 5 UNL UNT MTA L I S T E N  7 DATA
3 0 3 5  SEND 7 5 UNL UNT MTA L I S T E N  S DATA
3 0 4 0  NEXT M 
3 0 4 5  T = T I M E
3 0 5 0  REM * 'CORRECT PRESSURE ONG**
3051 GOSUB G000
3 0 5 2  I F  P i - P O  0  THEN GOSUB 5 0 0 0
3 0 5 3  T 1 = T I M E
3 0 5 4  I F  T i - T a S  THEN 3 0 5 3  
3 0 5 0  GOSUB 4 0 0 0
3 0 7 0  NEXT N 
3 0 8 0  RETURN
4 0 0 0  REM * *  READ ALL U N I T S * *
4 0 1 5  FOR 1=0 TO 7 
4 0 2 0  SEND 7 Î UNL UNT MLA TALK
4 0 3 0  ENTER 7 USING " 4 , B , 4 0 , GO"
4031  I F  BINAND < 1 G , S ( I > > > 0  THEN
4 0 3 2  NEXT I
4 0 3 7  R < J , 1 ) = P ( G )  § R ( J , 2 ) = V v G )
4 0 4 0  R\  J ,2 )=Rv J ,2 ' // '10 0 0
40 41  R ( J , 4 ) = R ( J , 4 ) / 1 0 0 0  
4 0 5 0  SEND 7 i UNL UNT 
40G0  ENTER 7 2 2  ? R ( J , 5 )
4 0 7 0  RESET 7  
4 0 7 3  R ( J , 5 ) = R ( J  ,5  > * 1 0 0 0  
4 0 8 0  P R I N T  R ( J , 1 > ) T A B  ( G ) ; R < J , 2 > ;  TAB
CHR$
CHR&
<X >&CHR$ 
\ Z ) & C H R $
( 2 5 5 )
< 2 5 5 )
I
1 S < I ) , P < I ) , V < I )
V< I  )= -V< I  >
@ R ( J , 3 ) = P < 7 )  G R ( J , 4 ) = V ( 7 >
( 1 4 > ; R < J , 3 ) ; T A B  ( 1 9 ) , R < J , 4 ) , T A B  ( 2 5 > ; R < J , 5 )
DATA CHR$ (Y )& C H R $  ( 2 5 5 )
40Sb R 1 = i © J=J v1 
4 0 3 0  RETURN
5 0 0 0  REM * 'ADJUST VOLUME ON D G * *
5 0 0 5  I F  P1=P THEN RETURN
5 0 1 0  I F  P i > P  THEN Y = 1 0 4
5 0 2 0  I F  P K F  THEN Y= 40
5 0 3 0  SEND 7 Î UNL UNT MTA L I S T E N  G 
5 0 4 0  GOSUB G000  
5 0 5 0  I F  P1=P THEN RETURN 
50 G0 GOTO bw00
0 0 0 0  REM "  READ PRESSURE ON D G * *
G0 1 0  SEND 7 5 UNL UNT MLA TALK G 
G 02 0  ENTER 7 USING " 4 , 8 , 4 0 , GO" ; S , P 1 , V  
0 0 4 0  RETURN
7 0 0 0  REM " S T O R E  DATA ON T A P E * *
7 0 0 2  D I S P  " I NSERT TAPE G PRESS<CONT )WH£N READY" G PAUSE
7 0 0 3  FOR L=1 TO J - 1
7 0 0 4  D I S P  R < L , 1 ) | R ( L , 2 ) ; R ( L , 3 ) ; R < L , 4 ) , R < L , 5 )
7 0 0 7  NEXT L
7 0 1 0  N $ = T 1 $  @ GOTO 7 0 3 0
7 0 2 0  D I S P  " I NPU T DATA F I L E  NAME" G INPUT N$
7 0 3 0  F = < J - 1 ) * 8 * S + 6 + 9 + 8 0  
7 0 4 0  CREATE N $ , 1 , F  
7 0 5 0  A S S I G N *  1 TO N$
7 0 5 3  P R I N T *  1 5 D$
7 0 5 5  P R I N T *  1 i J -1  
70 G 0  FOR L=1 TO J - 1  
7 0 G 5 FOR K=1 TO 5 
7 0 6 0  P R I N T *  1 , R ( L , K )
7 0 3 0  NEXT K 
7 0 9 5  NEXT L 
7 0 0 7  P R I N T *  1 ; G$
7 1 5 0  A S S I G N *  1 TO »
270
7 1 7 0
7 1 8 0
PR IN T  " ----------------- ------- --------
P R IN T  "DATA STORED ON F I L E  ( " ; N $ i " )"
7 1 9 0 PR IN T  "NUMBER OF DATA READINGS»" 5J--1
7 2 0 0 RETURN
6 0 0 0 REM " F L O W  FROM 7 TO iB "
8 0 1 0 X = 4 0  @ 2 = 1 0 4
8 0 5 0 PR IN T  "FLOW FROM 7 TO to"
8 0 7 0 PR IN T
6 1 0 0 GOSUB 2 0 0 0
8 2 0 0 GOSUB 3 0 0 0
8 2 5 0 BEEF 1 0 0 , 2 2 0
8 2 6 0 RETURN
9 0 0 0 REM " F L O W  FROM 6 TO 7 "
9 0 1 0 X = 1 0 4  0  Z=4 0
9 0 5 0 PR IN T
9 0 6 0 P R I N T  "FLOW FROM 6 TO 7"
9 0 7 0 P R I N T
9 1 0 0 GOSUB 2 0 0 0
9 2 0 0 GOSUB 3 0 0 0
9 2 5 0 BEEF 1 1 4 , 2 2 0
9 2 8 0 RETURN
9 5 0 0 ABORTÎG 7
9 5 2 0 CLEAR 7
9 5 4 0 BEEF
9 5 8 0 P R IN T  "T IMEOUT"
3 5 8 0 RETURN
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S c h e m a t i c  d i a g r a m  s h o w i n g  th e  a r r a n g e m e n t  f o r  v o l u m e  g a u g e  
c a l i b r a t i o n  I n s i d e  the a u t o m a t e d  s t r e s s  p a t h  s y s t e m
GPIO
M i c r o c o m p u t e r  
HP 86
Ba c k
p r e s s u r e  
c o n t r o l  1er
IEEE
GDS
IEEE
V o l u m e  
g a u g e  r
Digital 
VO 1tmeter
A 1 r - w a t e r  
I n t e r f a c e
Program (VOL-CAL) for volume gauge calibra-bior using 
on© GDS- con-trollor and HR-86B Miorooomputer
b0 SET TIMEOUT 7 ? 3 0 0 0  
6 0  ON TIMEOUT 7 GOSUB 9 0 0 0  
7 0  OPTION BASE 1 
80  PR INT ER I S  7 0 4  
90  REM
100  CONTROL 4 , 4  ;
11 0  CONTROL 4 , 1 6  ;
12 0  CONTROL 4 , 8  ? 3
130  CONTROL 4 , 3  i 0
140  Y=0 0 N=2 0 I X = 0  
150  OUTPUT 40 4  USING  
160  B 2 = Z ' ( Z * N - 2 >  0 B 1 = 2 ' ' ( 2 * N - 1  / 
17© CLEAR
180  ON KEV4 1 , " UP " GOSUB UP 
130 ON KEY# 2 , "DOWN" GOSUB DOWN
2 0 0  ON KEY# 7 , " E X I T "  GOTO OFF
2 1 0  KEY LABEL
324 1 2
0
# ,b
272
2 2 0  D ISP "SET BACK PRESSURE"
2 3 0  GOSUB 7 0 0
2 4 0  D ISP  "BACK PRESS.  I S  " ; I N T  ( P R E S S d ) )
2 5 0  i I F  I N T  \ P R E S S \ 1 ) > > =  100  THEN 3 5 0
2 5 5  i I F  IX=1  THEN RETURN
2S0 GOTO 2 1 0
2 7 0  UP: GOSUB 5 0 0
2 8 0  RETURN
2 3 0  DOWN: GOSUB G00
3 0 0  RETURN
3 1 0  REM
3 5 0  OFF:  OFF KEY# 1 @ OFF KEY# 2 0 OFF KEY# 7 
3G0 RESET 7 § WAIT 1 0 00
3 7 0  P R I N T  "VOLUME CHANGE CA LIB R AT IO N"  @ P R IN T
3 8 0  P R I N T  "BACK PRESS SET AT " i I N T  < F R E S 3 < w )  @ PRIN T
3 3 0  P R I N T  "PRESSURE VOLUME OUTPUT"
3-35 PRINT " KPa C . C .  B I T S  "
4 0 0  P R I N T  " ----------------------------------------------------------------------------------- "
4 1 0  GOSUB 10 00
4 1 5  PR IN T  " ---------------------------------------------------------------------------------------------"
420 PRINT "TEST END"
4 3 0  END
4 3 0  i * * * * * * * *  UP * * * * * * * * * * * * * * * * * * -*^ • « • * * * * * * *
5 0 0  Y = B I N I O R  < 8 1 , Y > -S OUTPUT 4 0 4  USING " # , S "  -, V 
5 1 0  FOR J=1 TO 10
5 2 0  Y=BINEGR (82,Y ) @ OUTPUT 4 0 4  USING " # , B "  ? Y
5 3 0  Y=BINIOR <82,Y ) 0 OUTPUT 4 0 4  USING " # , B "  «, V
5 4 0  NEXT J 
5 5 0  RETURN
5 3 0  ! a - * * * * * * * * * * *  DOWN * * * * * *  a-* * *  ii-S'* * * * * * * * * *  *
600 Y- B IN A N D  <255-81,Y) @ OUTPUT 4 0 4  USING "# ,B" <, Y 
6 1 0  FOR J==1 TO 10
6 2 0  Y - B I N I u R  <B2,Y) 0 OUTPUT 4 0 4  USING " # , B "  3 Y
6 3 0  Y -B IN EO R <82,Y ) 0 OUTPUT 404 USING " # , B "  ; Y
6 4 0  NEXT J 
6 5 0  RETURN
7 0 0  i * * * * * * * * * * * *  READ PRESSURE ON GDS * * * * * * *
7 1 0  SEND 7 Î UNL UNT MLA TALK 6
7 2 0  ENTER 7 USING "#,B,4D,GD" ; S,P,V
7 2 5  I F  BINAND < 1 B , S ) > 0  THEN V = - V
7 3 0  PRESS<1 )=P
7 4 0  SEND 7 Î UNL UNT
750 RETURN
1 0 00  i * * * * * * * * * * *  ZERO VOLUME * * * * * * * * * * * *
1010  SEND 7 Î UNL UNT MTA L I S T E N  6 DATA CHR$ <24)&CHR$ < 2 5 5 )
1 0 2 0  DISP "ENTER MAX VOL " 0  INPUT VI
10 30  DISP "ENTER VOL INCREMENT" 0  INPUT V3
1-340 GOSUB 3 3 0 0
1 5 0 0  i * * * * * * * * * * *  START TEST * * * * * * * * * * * *
1505 D I S P  "READY FOR TE STIN G PRESS CONT" 0 PAUSE
1510 X = 1 0 4  0 GOSUB 2 0 0 0
1 5 2 0  X = 4 0  @ GOSUB 2 3 0 0
15 30  K= 40  0  GOSUB 2 0 0 0
1 5 4 0  X - 1 0 4  S GOSUB 2 0 0 0
15 5 0  RETURN
2 0 0 0  I * * * * * * * * * * * * *  APPLY VOLUME * * * * * * * * *
2 0 1 0  FOR N=1 TO VI / - 'V3  
2 0 2 0  FOR M=1 TO 2*V3
2 0 3 3  SEND 7 ; UNL UNT MTA L I S T E N  6 DATA CHR$ (X)&CHRS ( 2 5 5 /
2 0 4 0  NEXT M
2 0 5 0  GOSUB 3 0 0 0
2 0 6 0  NEXT N
2 3 7 3  RETURN
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i a * * * * * * * * *  Ktî-iU Cx I'M il')  I UM I M * * * * * * * * *
3 0 1 0  GOSUB 7 0 0
3 0 2 0  J J - 8
3 0 3 0  SEND 7 ? UNE UNT riLA TALK 3 SCG JJ 
3 0 4 0  ENTER 7 USING "41,B , B " ; SI  , 32  
3 0 5 0  S3=BINAND <32 ,1 S )
30G0 S S < J J > = 5 1 + 2 S G * S 3
3 0 7 0  I F  BINAND < S 2 , 3 2 > = 0  THEN S S ( J J ) = - S S ( J J >
3 0 8 0  P R I N T  USING " D D D D , 1 0 X , M D D D , i 0 X , M D D O D "  ; P , v / 1 0 0 0 , S S \ J J )
3 0 3 0  RETURN
3 0 0 0  ABORTIG 7
9 0 2 0  CLEAR 7
3 0 3 0  BEEP
3 0 4 0  D I S F  "T IHOUT"
9 0 5 0  RETURN
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4.
I
tn
—I<
ac
q:
5
g
to
3.
2.
MC2
1
0
8 1. 00. 0 2 . 64
AXIAL STRAIN (%)
4.
3.
2 .
MCI
MC3
0
0. 0.2. 4. B1. 0 8
RADIAL STRAIN (%)
TEST MCl^ MC2 and MC3
2 76
0B
5
3
0. 0 0. 050
AXIAL STRAIN (%)
I.
0.
0 ME3
8
5
_ G
MES
MEl
3
1. 5I. 05D. 0
RADIAL STRAIN (%)
TESTS MEli ME2, and MES
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400. 0
300. 0
200. 0
100.0
oc
LU
- 10 0. 0
-200. 0
-300.0
1.0
AXIAL STRAIN (%)
400. 0
300. 0
200. 0
w 100.0
e
0
- 100.0
-200. 0
-300. 0
TEST KCl
RADIAL S T RAIN (%)
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400. 0
300. 0
4 ..
200. G
0.
w 100.0
LU
Ax 1 al
- 100. 0
-200. 0
-300.0
0. 0
TEST KC2
STRAIN (%)
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400. G
300. 0
200.0 -
a.
u) 100 .0
a
D. 0
ui
- 100. 0
-200. 0
-300.0
0. 0-.5- 2.0
AXIAL STRAIN (%)
400. 0
300.0 -
200. 0
JC
U) 100. 0
LO
0. 0
>
- 100.0
-200. 0
-300. 0
TEST KEl
R A D I A L  ST RAIN (%)
280
0.0
A X I A L  S T R A I N  (%)
0
3. 0
inOIAL 51RES5 Wo)
0
1 0
0
0 . 0 J . O50. Û5
TEST RCl
RADIAL STRAIN (%)
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03. 0
1 0
0
0
0 .55 0 . 01 . 0
A X I A L  S T R A I N  (%)
0
3.0
1 0
2.0
0
0.0 1.0.50.05
RADIAL STRAIN (%)
2 8 2
0 . 0
0 . 0
A X I A L  S T R A I N  (%)
3. 0
2.0
D. 0
RADIAL STRAIN (%)
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